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Abstract. In this paper we study the asjTnptotic behaviour of the spectral function corre- 
sponding to the lower part of the spectrum of the Kodaira Laplacian on high tensor powers 
of a holomorphic line bundle. This implies a full asymptotic expansion of this function on 
the set where the curvature of the line bundle is non-degenerate. As application we obtain 
the Bergman kernel asymptotics for adjoint semi-positive line bundles over complete Khler 
manifolds, on the set where the curvature is positive. We also prove the asymptotics for 
big line bundles endowed with singular Hermitian metrics with strictly positive curvature 
current. In this case the full asymptotics holds outside the singular locus of the metric. 
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1. Introduction and statement of the main results 



Let L be a holomorphic line bundle over a complex manifold M and let L'^ be the A;-th 
tensor power of L. The Bergman kernel is the smooth kernel of the orthogonal projection 
onto the space of L^-integrable holomorphic sections of L'^. The study of the large k 
behavior of the Bergman kernel is an active research subject in complex geometry and is 
closely related to topics like the existence of canonical Kahler metrics (e.g. [fT9ll , [l23ll . 
[I24ll . [143), Berezin-Toeplitz quantization (e.g. M, [ESI, ^M, BUtl), equidistribution of 
zeros of holomorphic sections (e.g. [fTTll . [fTSll . [144II "). quantum chaos and mathematical 
physics EH- We refer the reader to the book [l36ll for a comprehensive study of the 
Bergman kernel and its applications and also to the survey [l33ll . 

In the case of a positive line bundle L over a compact base manifold M, D. Catlin [fTOH 
and S. Zelditch [51] established the asymptotic expansion of the Bergman kernel on the 
diagonal by using a result by Boutet de Monvel-Sjostrand ^ about the asymptotics of 
the Szeg5 kernel on a strictly pseudoconvex boundary, together with a reduction idea of 
Boutet de Monvel-Guillemin [01 . 

X. Dai, K. Liu and X. Ma [lT2ll . llTSlI obtained the full off-diagonal asymptotic expansion 
and Agmon estimates of the Bergman kernel for a high power of positive line bundle on a 
compact complex manifold by using the heat kernel method. Their result holds actually 
for the more general Bergman kernel of the spin'' Dirac operator associated to a posi- 
tive line bundle on a compact symplectic manifold. In [[34ll . [[36ll . [[37ll . X. Ma and the 
second-named author proved the asymptotic expansion for yet another generalization 
of the Kodaira Laplacian, namely the renormalized Bochner-Laplacian on a symplectic 
manifold and also showed the existence of the estimate on a large class of non-compact 
manifolds. The main analytic tool in [lT2ll . [lT3ll . [[34ll , [l36ll . [[37ll is the analytic localiza- 
tion technique in local index theory developed by Bismut-Lebeau [[36ll . 

Another proof of the existence of the complete asymptotic expansion for the Bergman 
kernel for a high power of a positive line bundle on a compact complex manifold was 
obtained by B. Berndtsson, R. Berman and J. Sjostrand [l2ll . 

A natural generalization is the asymptotic of the kernel of the projection on the har- 
monic forms in the case of a line bundle with non-degenerate curvature. R. Berman and 
J. Sj5strand liSj obtained this result building on the heat equation method of Menikoff- 
Sj5strand [l42ll . More generally, the expansion in the non-degenerate case was obtained 
independently by X. Ma and the second-named author [l35ll for the kernel of the projec- 
tion on the kernel of the spin'' Dirac operator on symplectic manifolds. 

When the Hermitian fiber metric on L is a strictly positive singular Hermitian metric, 
X. Ma and the second-named author introduced a complete base metric on the smooth 
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part of L and modified the fiber metric on L and then they obtained a full asymptotic ex- 
pansion for the associated Bergman kernel [l36ll . [l37ll . As a corollary, they could reprove 
the Shiffman conjecture. 

The first main result of this paper is a local asymptotic expansion of the spectral func- 
tion of the Kodaira Laplacian on L*' on a Hermitian manifold M for forms of energy less 
than k~^°, for iVo e N fixed, on the non-degenerate part of L, cf. Theorem ll.il This is a 
very general result since it holds without global assumptions on the manifold or the line 
bundle. However, the estimates obtained do not apply directly to the Bergman kernel, 
which is obtained by formally letting iVo -> oo in (11.71) . We then impose a very mild semi- 
classical local condition on the Kodaira Laplacian, namely the 0(A;~"°) small spectral gap 
on an open set D d M (see Definition II. 5D . We prove that the Bergman kernel admits 
an asymptotic expansion on D if the Kodaira Laplacian has 0(A;~"°) small spectral gap 
on D, cf. Theorem II. 6[ 

We apply further these results to study the Bergman kernel of semi-positive or positive 
but singular Hermitian line bundles. We prove that if M is a complete Kahler manifold 
and L is semi-positive on M, then the Bergman kernel of ® Km admits a full asymp- 
totic expansion on the non-degenerate part of L, cf Theorem 1 1.71 Moreover, we show in 
Theorem 11.101 that if M is any compact complex manifold and L semi-positive and pos- 
itive at some point, then the Bergman kernel of L*' admits a full asymptotic expansion 
on the set where L is positive, with the possible exception of a proper analytic variety 
S C M. 

We also consider the case of a singular Hermitian fiber metric on L. The holomorphic 
sections which are with respect to the singular metric turn out to be sections of L 
twisted with a multiplier ideal sheaf. One can naturally define the orthogonal projection 
on this space of sections and consider its kernel on the regular locus of the metric. We 
show that this kernel has an asymptotic expansion on the regular locus, if the curvature 
current is strictly positive and smooth outside a proper analytic set (Theorem II. 8D . This 
yields yet another proof of the Shiffman conjecture. 

We further give formulas for the first top leading terms of the asymptotic expansion 
of the spectral function and recover the top leading coefficients of the Bergman kernel 
expansion. These coefficients recently attracted a lot of attention, see the comments after 
Theorem 11.61 

Other applications of the main results are local and global holomorphic Morse in- 
equalities, a local form of the expansion of the Bergman kernel on forms and examples 
of manifolds having very small spectral gap. 

We now start to formulate the main results. For the precise meanings of some standard 
notations and terminology, see Section [2l 

1.1. Statement of main results. Let (M, 9, J) be a Hermitian manifold of complex di- 
mension n, where 9 is a smooth positive (1, l)-form and J is the complex structure. Let 
g™{-, ■) = 9(-, J-) be the Riemannian metric on TM induced by 9 and J and let ( • , • ) 
be the Hermitian metric on CTM induced by 5'™. The Riemannian volume form dvM of 
(M, 9) has the form dvM = 9"/n! . 

Let (L, h^) be a holomorphic Hermitian line bundle on M and set L'' := L®^. Let 
be the holomorphic Hermitian connection on (L, h^) with curvature = (V^)^. We will 
identify the curvature form with the Hermitian matrix R^ e ^°°(M, End(r(^'°)M)) 
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satisfying for every C/, G T^^'°^M, x e M, 

(1.1) {R^{x), UAV) = {R^{x)U, V). 

Let detR^{x) := ^i(x) . . . //„(x), where ij,j{x),j = l,...,n, are the eigenvalues of 
with respect to (•,•). For g G {0, 1, . . . , n}, let 

M{q) = {x(E M;R^{x) G End{T^^'°^M) is non-degenerate 
(1'2) ^ 

and has exactly q negative eigenvalues [. 

We denote by W the subbundle of rank q of T^'^'°^M\M{q) generated by the eigenvectors 
corresponding to negative eigenvalues of R^. Then det W* := AW* C A'^T*^°'^^M\M{q] 
is a rank one subbundle, where A'T*(°'-')M is the bundle of (0, q) forms, W* is the dual 
bundle of the complex conjugate bundle of W and A'^W* is the vector space of all finite 
sums of vi A ■ ■ ■ A Vq, Vi,...,Vq G W\ We denote by /^etw* ^ End(A«T*(°'^)M)) the 
orthogonal projection from A^T*^°'^^M onto deiW*. 

Let {L'', h^'') be the fc-th tensor power of (L, h^) and let (• , be the inner product on 
QI'\M, L'') induced by g™ and /i^" (see (|Z3]) ). Let ||-|| be the corresponding norm and 
let L^o_g)(M, L'') be the completion of f2o''(M, L'') with respect to ||-||. 

Let be the Kodaira Laplacian acting on (0, 5)-forms with values in L'', cf. (12. 6D . We 
denote by the same symbol the Gaffney extension of the Kodaira Laplacian, cf. (I2.9D . 
It is well-known that D^,^' is self-adjoint and the spectrum of is contained in IR+ (see 
Il36l Prop. 3.1.2]). For a Borel set S C M we denote by E{B) the spectral projection of 
□j,'^ corresponding to the set B, where E is the spectral measure of □[.'^ (see Section 2 
in Davies [14]]) and for A G M we set Ex = e(^{-oo, A]j and 

(1.3) ^a'(M.^') = Range C L^o,,)(^. • 

If A = 0, then <g^{M,L^) = KerOl'' =: ^^{M,L^) is the space of global harmonic 
sections. For a holomorphic vector bundle over M we have 

fff2)(M, £/) := [s G L2(M, £/); BeS = o} = KeiQ-^, 

where (9^ is the Cauchy-Riemann operator with values in E and is the Kodaira Lapla- 
cian with values in E (see Section 12. 3D . The spectral projection of Dj,^^ is the orthogonal 
projection 

(1.4) : 4 ,)(M, L') ^ ^,'(M, L'^) . 

The spectral function Pk^l{ • , •) = Pk^\ • is the Schwartz kernel of pj^'^l, see (14.16D 
and (14.17D . Since D^,^' is elliptic, it is not difficult to see that 

^i'^(-.-,A) G ^^°°(m X M.L'^® (A«T*(°'1)MKA«T*(°'^)M)(8)(L*=)*) 

and ^^{M, L^) C r2°'«(M, L''). Since ® (L^)* ^ C we can identify Pi''(x, x, A) to an 
element of End(A9T;(°'i)M). Then 

(1.5) X3x^ Pi^\x, X, A) = pI'1{x, x) G End(A''T;(°'''M) 



is a smooth section of End(A«r*(°'^)M), called local density of states of S'x{M, L^). The 
trace of Plf\x, x, A) is given by 

Tr Pg(x, x) = TtPI'\x, X, A) := f: ( pI'\x, x, A) ej^{x) , ej^{x) ), 

where ej^, . . . , ej^ is a local orthonormal basis of A^T*'°''^'M with respect to (•, •). The 
projection 

(1.6) Pi'' := : Lf.jM, L') ^ Ker 

on the lowest energy level A = is called the Bergman projection, its kernel Pi^\ • , •) is 
called the Bergman kernel. The restriction to the diagonal of P'k \ • , •) is denoted Plf\-) 
and is called the Bergman kernel form. The function Tr Pj^'^o(a;, x) := TrPfc''(x) is called 

the Bergman kernel function. We notice that Tr Plf\x) = Pk°\x). 

We introduce now the notion of asymptotic expansion (see Definition |3 .90 . Let D C M 
be an open set and a(x, A;), aj{x) G ^°°(M, End(A«T*(°'^)M)), ; = 0, 1, . . . and m G Z. 
We say that a(x, A;) has an asymptotic expansion 

oo 

a(x, k) r^Y^ aj{x)k^^^ locally uniformly on D, 

if for every iV G No, ^ G No and every compact set K C D, there exists a constant 
Cn,i,k > independent of k, such that for k sufficiently large 

N 

a{x,k) - Xlfe"'"^a,(x) 



3=0 



We say that a(x, k) = 0{k °°) locally uniformly on D if a(x, k) ^ locally uniformly on 
D. 

The following theorem is one of the main results. It expresses the fact that the Kodaira 
Laplacian acting on Q,*'*{M, V') admits a local semi-classical Hodge decomposition. Note 
that there are neither global assumptions on the positivity of the bundle nor on the base 
manifold. 

Theorem 1.1. Let (M, 6) he a Hermitian manifold, (L, h^) he a holomorphic Hermitian 
line handle on M. Fix 5 G {0, 1, . . . , n} and No ^ 1. Then for every m G {0, 1, . . . , n} there 
exists a k-dependent section 6('")(x,A;) G ^°°(M(g), End(A'"T*(°'^)M)) with the following 
property: for every D m M{q), £ G No^ there exists a constant CD,e > independent of k 
with 



(1-7) \pt'"\x,x,k-''°)-b^-\x,k)^^^^^ 

Moreover, 6("')(x, A;) = 0/or m ^ q and 6(^'(x, k) has an asymptotic expansion 

00 

(1.8) 6(«)(x, k)r^Yl b'f\x)k''-^ locally uniformly on M{q), 

3=0 

for some hf G ^°°(M(g), End(A«T*(°'^)M)), ; = 0, 1, . . . . On M{q) we have 

(1.9) 6('' = (27r)-" deti?^ J,,,^.. 



We wish to give formulas for the top coefficients of the expansion in the case q = 0. 
We introduce the geometric objects used in Theorem II .21 and Theorem 11.71 below. Put 



(1.10) 



27r 



On the set M(0) the (1, l)-form co is positive and induces a Riemannian metric g™{-, •) = 
uj{-, J-). Let V™ be the Levi-Civita connection on (M, ^™), = (V^^)^ its curvature 
(cf. (14.721) 1. Ric its Ricci curvature and r the scalar curvature of g™ (see (14.701) 1. We 
denote by Ric^^ = Ric ( J-, •) the (1, l)-form associated to Ric (cf. (I4.74D 1 and by A^^ be the 
complex Laplacian with respect to u (see (14.681) 1. We also denote by ( • , • the pointwise 
Hermitian metric induced by g'^^ on (p, g)-forms on M and by | 
norm. 



Let i?Q^* denote the curvature of the canonical line bundle K 



M 



the corresponding 
= detT*(i'°'M with 



respect to the metric induced by 6 (see (14.71D 1. Put 

r = A^ log Ve , Vq = det (G,, ^ 
where Q = v^^Z)^,fc=i ®],kdZj A dzk in local coordinates z = (zi, . . . , 

Theorem 1.2. Let (M, 6) and (L, h^) be as in Theorem [TTTl The coejficients 6i°' and 63°^ in 

the expansion l\1.8\l for q = have the following form: 

(1.11) 



= (27r)-"deti? 



Stt 



JO) 

"2 



(1.12) 



47r 

1 



log det R^ 



327r2 



(27r)-"det R 

+ -^(Ric.,i?r). + -^A.r 



1287r2 



rr + 



(27r)"" det R^{x) 
(r) 



327r2 
1 



327r2 



967r2 



47r 



Stt 
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R, 



det 



where 



TM 



8^2 V gg^2 - 247r2 

15 given bj (14.73D . 

On the set where the curvature of L is degenerate we have the following behaviour. 

Theorem 1.3. Let (M, G) and (L, h^) he as in Theorem^J\ Set 

Mdeg = |x G M; i?^ is degenerate af x G m| . 

Then for every Xq G Mdeg, > and evefy g G {0, 1, . . . , n} , f/iere exist a neighborhood U 
of Xq and ko > 0, such that for all k > kowe have 



(1.13) 



TiPi'^\x,x,k-^°) < ek", x e U. 



As a Corollary of Theorem [LT] and Theorem 11. 31 we obtain 

Corollary 1.4 (Local holomorphic Morse inequalities). Let (M, G) and (L,h^) be as in 
Theorem \l.l\ Let Nq > 2n+ 1. Then the spectral function of the Kodaira Laplacian has the 
following asymptotic bahaviour: 

(1.14) TrPl'\x,x,k-^°) = A;"(27r)-"|detH^(x)| +0(A;"-^), 

locally uniformly on M{q), and 
(1.15) 



lim fc-"TrP^'^(x,x,A;-'^°) = (27r)-" deti?'^(x) lM(q){x), Vx G M. 

fc— >oo 



Moreover, for every e > 0, there exists a ko > 0, such that for all k > ko, we have 



lM(g)(a;) U", Vx e M, 



(1.16) TiPi''\x,x,k-^°) <(^e + (27r)-"|deti?^(x) 
and when q = and Nq >2n + 3, we have 

(1.17) Pi°\x,x,k-''°) < deti?^(x)(A;" + A;"-^6f (x) + A;"-'6^°^(x) + 0(fc"-')) , 

locally uniformly on M{0), where 61°' (x) and b2°^(x) are as in (II. IIP and fll.l2D respectively. 

The term local holomorphic Morse inequalities is motivated by the fact that integra- 
tion of the inequalities from Corollary 11.41 yields the holomorphic Morse inequalities of 
Demailly see Section 110.51 Herman [ 1 ] proved that 

limsupA;""TrPi'^(x) < (27r)"" deti?^(x) lM{q){x), x e M, 

fc— >oo 

and when M is compact, there exists a sequence /ifc ^ 0, as fc — ^ 00, such that 
lim A;-"TrPi'^(x,x,/ifc) = (27r)-" detR^{x) lM(g]ix), x e M. 

fe— >-oo 

Corollary 11.41 refines and generalizes Herman's results. 

In order to obtain precise asymptotics we combine the local asymptotics from Theorem 
ll.ll with a mild condition on the semiclassical behaviour of the spectrum of the Kodaira 
Laplacian D^^^ for k large, which we call (local) 0(A;""°) small spectral gap. 

Definition 1.5. Let D c M. We say that has 0{k^'^°) small spectral gap on D if there 
exist constants Co > 0, Uq e N, ko G N, such that for all k > ko and u G Qo''{D, L^), we 
have 



To explain this condition, assume that M is a complete Hermitian manifold. Then 
the operator is essentially self-adjoint and fio''(L', L^) is dense with respect to the 
graph-norm in the domain of the quadratic form of (see e. g. [l36l § 3.3]). If has 
0(A;-"°) small spectral gap on M then inf {a G Spec(n[,''); A 7^ o} > CA;-"°. 

From Theorem 11.11 Definition 11.51 and some simple arguments (see Section 14341) . we 
deduce: 

Theorem 1.6. Let (M, 6) he a Hermitian manifold, (L, h^) he a holomorphic Hermitian 
line bundle on M. Fix q e {0,1, ... , n] and No ^ 1. Let D m M{q). If n[^^ has 0{k-''°) 
small spectral gap on D, then for every D' ^ D, i ^ No, there exists a constant Cdi,i > 
independent of k with 

Pl'\x,x,k-''°)-Pl'\x) 



In particular, 
(1.18) 



Pk'^\x) ^ E bf^{x)k''-' locally uniformly on D, 



j=0 



where by' G End(A«T*(°'i)M)), j = 0,1,.. ., are as in ([L8]) and b}^^', br, 6r ctre 

given by (O, (fLTTD . (fLT2D . 
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Note that if L is a positive line bundle on a compact manifold M, or more generally 
L is uniformly positive on a complete manifold (M, 9) with -/^JE^m and d© bounded 
below, then the Kodaira Laplacian D^,"' has a "large" spectral gap on M, i.e. there exists 
a constant C > such that for all k we have inf |a G Spec(n[,°'); A 7^ o| > Ck (see 

[1361 Th. 1.5.5], [l36l Th. 6.1.1, (6.1.8)]). Therefore the Bergman kernel P^'^ has the 
asjmiptotic expansion (I1.18D and we recover from Theorem ll.6l the asymptotic expansion 
of the Bergman kernel for compact manifolds [ITOll . [ISTll (cf. also [|36l Th. 4.1.1]) for 
g = 0, D3]], [|35]] [I36l Th. 8.2.4] for arbitrary q and for complete manifolds DSTl Th. 3.11], 
11361 Th. 6.1.1]. 

In the case g = the precise formulas (II. IIP . (I1.12D for the coefficients of the Bergman 
kernel expansion (I1.18D play an important role in the investigations about the relation 
between canonical metrics in Kahler geometry and stability in algebraic geometry see 
e.g. BH, HH, 025]], [143, El, 11501] (cf. also m, § 5.2]). 

The coefficients feS"', 6^°' were computed by Lu QH, L. Wang ffl, X. Wang flSO]], in 
various degrees of generality. The method of these authors is to construct appropriate 
peak sections as in [47] , using Hdrmander's 9-method. 

In [,12. §5.1], Dai-Liu-Ma computed b^i^ by using the heat kernel, and in [l37l §2], 
[I35l §2] (cf. also [l36l §4.1.8, §8.3.4]), ftS"' was computed in the symplectic case. The 
coefficient 62°' was calculated in [l40l Th. 0.1] (these results include a twisting Hermitian 
vector bundle E} . Recently, a combinatorial formula for the coefficients h^p was obtained 
in [l48][ and the formula for &2°' was rederived in [|25l[ . 

In the above mentioned results it was supposed that the curvature u = ^^^^R^ equals 

the underlying metric 0. If w 7^ formulas for b^i \ 62°' were given in [|36l Th. 4.1.3], 
[l40l RemarkO.5], [l30l Th. 1.4]. Since we allow a local 0(A;-"°) small spectral gap, we 
can obtain the Bergman kernel expansion under weak conditions, such as semi-positivity 
of the line bundle. In this case we have to twist L*' with the canonical line bundle Km, 
which we endow with the natural Hermitian metric induced by G. We denote by Pk,KM 
the orthogonal projection from L'^{M, L''®Km) on Jf°2)(M, L^®Km) = J^°{M, L^®Km)- 

Theorem 1.7. Let (M, 6) he a complete Kdhler manifold and (L, h^) be a semi-positive line 
bundle over M. Then the Bergman kernel function Pk,KMi ' ) '^f ^(2)i-^> ® ^m) has the 
asymptotic expansion 

00 

(1.19) Pk,KM{^) - E ^""'^^LC^) ^ocaHj uniformly on M(0), 

where hf),^ G ^°°(M(0), End(iCM)). J = 0, 1, . . are given by 

(27r)-"deti?^Id^^, 
(27r)-"detJ?^(-^r) Id^^ , 

(27r)-"det i?^f^^r^ + ^^A^r ^— iRic^lf, + 



(1.20) 




m 






JO) 










2,Km 


where 


R 



R 



.TM 



Id 



Kmi 



■}TM 



2 

15 given by ([4.73D and IdiK^ the identity map on Km- 
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Let us consider now a singular Hermitian holomorphic line bundle (L, h^) M (see 
e. g. [|36. Def. 2.3.1]). We assume that is smooth outside a proper analytic set S and 
the curvature current of is strictly positive. The metric induces singular Hermitian 
metrics h^'' on L''. We denote by ^{h'"'°) the Nadel ideal multiplier sheaf associated to 
h^" and by H°{M, ® ^(/i^')) the space of global sections of the sheaf ff{L^) ® ^{h^") 
(see (19. 2D ). We denote by (• , ■)k the natural inner products on ^°°{M, L'') induced by 
and the volume form dvM on M (see (19. ID ) Let be an orthonormal basis of 
H°{X,L^ ® ^{h^ )) with respect to the inner product induced (•,•)&• The (multiplier 
ideal) Bergman kernel function is defined by 

(1.21) P,{x):=f:\s^{x)\l^,, XGM\I]. 

3=1 

Theorem 1.8. Let (L, h^) be a singular Hermitian holomorphic line bundle over a compact 
Hermitian manifold (M, 6). We assume that is smooth outside a proper analytic set S 
and the curvature current of is strictly positive. Then the Bergman kernel function Pk{-) 
of H°{M, ® J^{h^'')) has the asymptotic expansion 

oo 

Pk{x) - Yl k"'^bf\x) locally uniformly on M \ S, 

where bf (E ^°°(M \ S), ; = 0, 1, . . fcS"' = (27r)-" det and bf^ and bi°^ are given by 
(fTTTTD and (fLT2]) . respectively 

We obtain in this way another proof of the Shiffman-Ji-Bonavero-Takayama criterion (cf. 
[1361 Th. 2.3.28, 2.3.30]). 

Corollary 1.9. Under the assumptions in Theorem \1.8\ we have 

dim H°{M, L''®y{h''')) > cW" 
for k large, where c> is independent of k. Therefore, L is big and M is Moishezon. 
We assume that (M, 6) is compact and we set 

Herm(L) = jsingular Hermitian metrics on l| , 

M{L) =|/i^ G Herm(L); is smooth outside a proper analytic set 

and the curvature current of is strictly positive | . 

Note that by Siu's criterion [l36l Th. 2.2.27], L is big under the hypotheses of Theorem 
ILIOI below. By ll36l Lemma 2.3.6], M{L) ^ 0. Set 

(1.22) M' := {p e M ■,3h^ e M{L) with smooth near p} . 

Theorem 1.10. Let (M, 6) be a compact Hermitian manifold. Let {L,h^) M be a 
Hermitian holomorphic line bundle with smooth Hermitian metric having semi-positive 
curvature and with M(0) ^ 0. Then the Bergman kernel function Pk{ ■ ) of J^°{M, L^) has 
the asymptotic expansion 

oo 

Pk{x) - Y. k'"~^bf\x) locally uniformly on M(0) n M', 

3=0 
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where G ^°°(M(0)), = (27r)-"det i?^ and b^°^ and b'f^ are given in OH) and 
(I1.12D . respectively. 

The existence of the asymptotic expansion from Theorem ll . lOl was obtained by Berman O 
in the case of a projective manifold M. 



Remark 1.11. (I) In Theorems 1 1.1[ [L6l we obtain the diagonal expansion of the kernels 
P^.'^l-No (•, ■) • We will prove actually more, namely the off-diagonal asymptotic expansion 

for pfl_if^{x,y) on the non-degenerate part of L, see Theorem 14. Ill Theorem 14. 121 and 
Theorem 14. 141 for the details. In the same vein, the diagonal expansions of the Bergman 
kernels from Theorems 11.61 11.7[ 11.81 11.101 have off-diagonal counterparts. See Theo- 
rem [6]4l Theorem 19. II and Theorem 18.31 for the details. 

(II) Let be a holomorphic vector bundle over M. Theorem II. 1[ Theorem II. 3[ The- 
orem II. 6[ Theorem 11.81 and Theorem 11.101 and their off-diagonal counterparts can be 
generalized to the situation when L*' is replaced by ® E. See Remark 14.131 and the 
discussions in the end of Section 4.4 and Section 5, for the details. 

The layout of this paper is as follows. In Section [2] we collect some notations, def- 
initions and statements we use throughout (geometric set-up, self-adjoint extension of 
the Kodaira Laplacian, Schwartz kernel theorem) . In Section [3] we exhibit a microlocal 
Hodge decomposition for the Kohn Laplacian on a non-degenerate CR manifold and ap- 
ply this to obtain the semiclassical Hodge decomposition for the Kodaira Laplacian on a 
complex manifold. In Section |4] we prove the existence of the asymptotic expansion of 
the spectral function associated to forms of energy less that A; As a consequence we 
obtain the expansion of the Bergman kernel if the local 0(A; "°) spectral gap exists. In 
Section [5] we get an asymptotic upper bound near the degeneracy set of the curvature of 
L. In Section [6] we prove the expansion of the Bergman kernel on the positivity set of an 
adjoint semi-positive line bundle over a complete Kahler manifold. In Section [7] we prove 
an L^-estimate for the d for singular metrics. We use this estimate in Sections [8] and [9] 
to prove the existence of the Bergman kernel expansion for semi-positive line bundles 
and bundles endowed with a strictly positively-curved singular Hermitian metric. In Sec- 
tion [10] we apply the previous methods to obtain miscellaneous results, such as Bergman 
kernel expansion under various conditions and holomorphic Morse inequalities. 

2. Preliminaries 

2.1. Some standard notations. We shall use the following notations: M is the set of 
real numbers, N = {1, 2, . . .}, No = N U {0}. An element a = (ai, . . . , a„) of will be 
called a multiindex and the length of a is: |a| = ai + • • • + a„. Let x = {xi, . . x„) 
be coordinates of M". We write x" = • • -x^", = 5^ = d^^ ■ --d^^, d^^ = 
D° = D^^^---D^-, = |a„ D,^ = \d,^. Let z = (zi,...,z„), z, = X2,-i + W„ 
J = 1, . . . , n, be coordinates of C". We write z" = z^' ■ ■ ■ z^", z" = z^^ ■ ■ • z^", = 

Qa ^ ga, . . . aa„ g ^ d ^ Ud j a ) j = I n. ^ = d§ = d^' ■ ■ ■ d^^ , 

■z zi Zn ' ozj 2^ax2j-i ax2j ' ' ' az z zi Zn ' 

9? = J- = + j = l,...,n. 

azj 2^dx2j-i dx2j'' •' ' ' 

Let M be a complex manifold of dimension n. We always assume that M is paracom- 
pact. We denote charts on M by {D,z), where z = (zi,...,z„) are local 

coordinates. We set zj = X2j-i + ix2j, j = 1, . . . , n, where x = (xi, . . . , X2n) are real 
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coordinates on M. We write z = (zi,...,z„) = (xi,...,X2„) = x. For a multiindex 
J = {ji,...,jq) G {l,...,n}' we set |J| = q. We say that J is strictly increasing if 
1 ^ ii < 72 < • • • < ^ We put dz-^ = dzjj A • • • A dZj^. A (0, g)-form / on M has the 
local representation 

f\D= Y!fA^W> 

\j\=i 

where Y! means that the summation is performed only over strictly increasing multi- 
indices. 

Let f2 be a paracompact manifold equipped with a smooth density of integration. 
We let TQ and T*Q, denote the tangent bundle of Q and the cotangent bundle of Q, re- 
spectively. The complexified tangent bundle of Q. and the complexified cotangent bundle 
of Q will be denoted by CTfi and CT*Q, respectively. We write ( • , • ) to denote the point- 
wise duality between TQ and T*Q. We extend ( • , • ) bilinearly to CTQ x CT*Q. Let E 
be a vector bundle over Q,. We write E* to denote the dual bundle of E. The fiber 
of at X G SI will be denoted by E^. Let F be another vector bundle over Q.. We write 
E^ F to denote the vector bundle over ^2 x with fiber over [x,y) ^ Q x Q consisting 
of the linear maps from E^ to Fy. Let y C ^2 be an open set. From now on, the spaces 
of smooth sections of E over Y and distribution sections of E over Y will be denoted 
by ^°°(y, E) and &'{Y, E) respectively Let S"{Y, E) be the subspace of &\Y, E) whose 
elements have compact support in Y. For 5 G M, we let H^{Y,E) denote the Sobolev 
space of order s of sections of E over Y. Put 

if,;, (y, E) = {u^ ^'(y, e); g h\y, e), g %^{y)} 

and if^^p (y, E) = HUY, E) R S'{Y, E). 

2.2. Metric data. Let (M, 0) be a complex manifold of dimension n, where 9 is a 
smooth positive (1,1) form, which induces a Hermitian metric ( • , • ) on the holomor- 
phic tangent bundle r(^'°'M. In local holomorphic coordinates z = if 
e = x/^E"fc=i @,,kdz, A dzk, then ( ^ , ^ ) = 6,,^,;, k = l,...,n. Let T^°''^M be 
the anti-holomorphic tangent bundle of M. We extend the Hermitian metric ( • , • ) to 
CTM in a natural way by requiring t(^'°)M to be orthogonal to t(°'^)M and {u,v) = 
{u,v), u,v G T(°'^)M. Let T*(^'°)M be the holomorphic cotangent bundle of M and let 
T*(0'1)m be the anti-holomorphic cotangent bundle of M. For p, g G No, let A^''9T*M = 
ApT<^,o)M ® A3T*(°'^)M be the bundle of {p,q) forms of M. We write A°'3T*M = 
A9T*(°'^'M. The Hermitian metric ( • , • ) on CTM induces a Hermitian metric on A^''«T*M 
also denoted by (•,•). Let D c M be an open set. Let Q,P''^{D) denote the space of 
smooth sections of hF''^T*M over D. Similarly, if E is a vector bundle over D, then we let 
E) denote the space of smooth sections of {hF^^T*M) ® E over D. Let OFq'^{D, E) 
be the subspace of QP''^{D, E) whose elements have compact support in D. 

If w G K'-T^^^^^M, r G N, let (wA)* : A'+T^'^-^'M ^ A«T;(°'1)M, g > 0, be the adjoint 
of left exterior multiplication wA : K'^T*^°'^'i M A«+''T^*(°'^'M. That is, 

(2.1) {w Au,v) = {u,{wAyv), 

for all u G A«T^*(°'^'M, G A«+''T;(°'^)M. Notice that {w/\)* depends anti-linearly on w. 

In this paper, let (L, h^) be a holomorphic line bundle over M, where the Hermitian 
fiber metric on L is denoted by h^. Until further notice, we assume that is smooth. Let 
be the canonical curvature two form induced by /i-^. Let cp denote the local weights of 
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the Hermitian metric such that 2884) = -R^- More precisely, if s(z) is a local trivializing 
section of L on an open subset D C M, then the pointwise norm of s is 

(2.2) \s{x)f = \s{x)\l, = e-^'f'^'\ 0e^°°(AK). 

Let L'', A; > 0, be the A;-th tensor power of the line bundle L. The Hermitian fiber 
metric on L induces a Hermitian fiber metric on L'' that we shall denote by h^'' . If 
s is a local trivializing section of L then s'' is a local trivializing section of L'^. For 
p, g e No, the Hermitian metric ( • , • ) on A^''^T*M and h^"" induce a Hermitian metric on 
hP^iT* M ® , also denoted by (•,•). For / e f2J''«(M, L^), we denote the pointwise norm 
|/(x)|^ := |/(x)|^i,fc = (/, f){x). We take dvM = dvM{x) as the induced volume form on 
M. The L^-Hermitian inner products on the spaces Ql''^{M, L^) and QFq'^{M) are given 
by 



(2.3) 



Jm 

J M 



We write ||/||' := \\f\\l,u = {f,f)k, f G Qg''(M,L'=). For p e f^S''(M), we also write 
:= (p^p). Let L^y_g)(M, L*^) be the completion of f^S'^(M, L*^) with respect to ||-||. 

2.3. A selfadjoint extension of the Kodaira Laplacian. We denote by 

(2.4) 5fc : n^'^iM, L^) -> f^°'''+^(M, L^) 
the Cauchy-Riemann operator with values in and let 

(2.5) dl : f^°'''+^(M, L*") ^ J^°'''(M, L*") 
denote the formal adjoint of dk with respect to (•,•)*:• Let 

(2.6) := a^a; + a^^fc : f^°'«(M, L'') ^ C!°'«(M, L^) 

be the Kodaira Laplacian acting on (0, g)-forms with values in L^. We extend dk to 
L^o ^)(M,L'=) by 

(2.7) a^ : Domafc C I/^o,.)(^' '^') ^ ^(o,r+i)(^. . 

where Dom5fc := {u G I/^cr)!^. ^''); ^fc^ ^ ^?o,r+i)(-^. ■^'')}' where for any u e I/^o.rjC-^. ■^'')' 
dkU is defined in the sense of distributions. We also write 

(2.8) dl : Doma; C L?o,,+i)(M, L^) ^ Lf.^^^iM, L") 

to denote the Hilbert space adjoint of dk in the space with respect to ( • , • )fc. Let Dj,'^ 

denote the Gaffney extension of the Kodaira Laplacian given by 

(2.9) 

Domdk^^ = {s e LlQg^{M,L''); s G Domafc n Domafc, dkU G Domafc, dlu G Domafc} , 

and d^h = dkdls + dldkS for s G DomDl'^. By a resuk of Gaffney [l36l Prop. 3.1.2], 
□fe'^ is a positive self-adjoint operator. Note that if M is complete, the Kodaira Laplacian 
□j,'^ is essentially selfadjoint [l36l Cor. 3.3.4] and the Gaffney extension coincides with 
the unique selfadjoint extension of d^\ 
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2.4. Schwartz kernel theorem. We recall the Schwartz kernel theorem [l28l Th. 5.2.1, 
5.2.6], Il46l p. 296]. Let Qhe a 'rf°° paracompact manifold equipped with a smooth den- 
sity of integration. Let E and F be smooth vector bundles over Q. Then any continuous 
linear operator A : ^i^{Q,E) — ;> ^'{Q,F) has a Schwartz distribution kernel, denoted 
Ka{x, y) or A[x, y). Moreover, the following two statements are equivalent 

(I) A is continuous: <ff'{Q, E) F), 

(II) Ka{x, y) e'rf°°{nx Q, Ey K F,). 

If A satisfies (I) or (II), we say that yl is a smoothing operator. Furthermore, A is smooth- 
ing if and only if A : H'^^^^ {Q,E)^ H'^c^{Q, F) is continuous, for all iV > 0, s G M. We 
say that A is properly supported if Supp Ka C f2 x r2 is proper. That is, the two projec- 
tions: 4 : {x,y) G Supp K A x e O., ty : {x,y) G Suppif^ y e ^ are proper. We 
say that A is smoothing away the diagonal if Xi^X2 is smoothing, for all Xii X2 ^ ^o^{^) 
with Supp xi n Supp X2 = 0- 

Let H{x,y) G x Q,EyM F^). We write H to denote the continuous operator 

H : '^o°°(^. ^) 3!'{p., F) with distribution kernel H{x, y). In this work, we identify H 
with H{x, y). Let A, B : "^^{Q, E) ^'{Q, F) be continuous operators. We write A = B 
or A{x, y) = B{x,y) a A — B is a smoothing operator. 

3. SZEGO KERNELS AND SEMI-CLASSICAL HODGE DECOMPOSITION 

The goal of this Section is to prove the semiclassical Hodge decomposition for the Ko- 
daira Laplacian, i.e. to find a semi-classical partial inverse and an approximate kernel for 
n\^\ cf. Theorem [3J01 For this purpose we reduce the analysis of the Kodaira Laplacian 
to the analysis of the Kohn Laplacian on the Grauert tube of the line bundle L. In Section 
I3.1l we recall the construction of these two objects. Section [3T2] contains a detailed study 
of the microlocal Hodge decomposition of the Kohn Laplacian on a non-degenerate CR 
manifold and especially on the Grauert tube, by following [129|| . Finally, in Section 13.31 
we apply this results in order to obtain the semi-classical Hodge decomposition for the 
Kodaira Laplacian. 

3.1. The associated CR manifold. Let (M, 6) be a Hermitian manifold and (L, h^) be 
a holomorphic Hermitian line bundle on M. Let (L*, h^*) be the dual bundle of L. We 
denote 

(3.1) G:={v eL*;\v\^,. <1} , X := dG = {v e L*; \v\^,* = 1} . 

The domain G is called Grauert tube associated to L. We denote 

rpiifi)x ■- Timi* n CTX , T^°'^^x := t(°'^)l* n ctx . 

Then {X, T(^'°)X) is a CR manifold of dimension 2n + 1 and the bundle T^^'°)X is called 
the holomorphic tangent bundle of X. The manifold X is equipped with a natural 
action. Locally X can be represented in local holomorphic coordinates (z, A), where A 
is the fiber coordinate, as the set of all (z, A) such that |A|^ e^'^^'^^ = 1, where is a local 
weight of h^. The action on X is given by e'^ o {z, A) = (z, e'^X), e'^ G S\ {z, A) G X. 
Let Y be the global real vector field on X determined by 

Yu{x) = -^uie'^ o x)|e=o for all u G ^°°(X) . 
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Let TT : X ^ M he the natural projection. We have the bijective map: 

where (ttW)/ = o tt), for all / e ^°°(M). We take the Hermitian metric ( • , • ) on 
CTX so that y ± (t(1'°)X © T(°-i)x) , ( y , y ) = 1 and ( ^ , ) = ( tt*^ , tt W ), Z,W e 
'I'{ho)x © t(°'^)X. The Hermitian metric ( • , • ) on CTX induces, by duality, a Hermitian 
metric on the complexified cotangent bundle CT*X that we shall also denote by ( • , ■ ). 

Define T<^'°)x :=(t^°'^^X ® CY)^ C CT*X, T<°'^^X :=(t<^^'°^X ® CY)^ C CT*X. 
For g e N, the bundle of {0,q) forms of X is given by A^T<°'^^X := A«(r*(°'^'x). The 
Hermitian metric ( • , • ) on CT*X induces a Hermitian metric on AT*(°'^)X also denoted 

by(-,-). 

Locally there is a real one form Uq of length one which is pointwise orthogonal to 
rp*{0A]x © T*(^'°^X. Wo is unique up to the choice of sign. We take ojq so that {ljq ,Y) = 
— 1. Therefore Uq, so chosen, is globally defined. 

The Levi form Cp oi X at p ^ X is the Hermitian quadratic form on T^^'°^X defined as 
follows: 

(3.2) J:p{u,v) = ^( [w ,v]{p),Mp) ) . u,ve Tj^-^'x 

where U,V e ^°°(X, T(1'°)X) thatjatisfy U{p) = U, V{p) = V and [U ,V] = UV - VU 
denotes the commutator of U and V. 

Let 5 C X be an open set. Let Q°''^{B) denote the space of smooth sections of 
A«T*(°'^'X over B. Let f^o''(S) be the subspace of whose elements have com- 

pact support in B. Let di, : f2°''(X) f2°''+^(X) be the tangential Cauchy-Riemann 
operator. We take dvx = dvx{x) as the induced volume form on X. Then, we get natural 
inner product ( , ) on r2°'«(X). Let dl : n°'9+i(X) ^ f^°'9(X) be the formal adjoint of 
with respect to ( , ). The Kohn Laplacian on (0, q) forms is given by 

ni'^ := d,d; + d;d, : Q°''(x) ^ ^^"•''(x) . 

We introduce now a local holomorphic frame and local coordinates in terms of which 
we shall write down the operators explicitly. Let s{z) be a local trivializing section of L 
on an open set D m M. We have |5(z)|^i, = e"^'^^^). Then, s*{z) := s~^{z) is a local 
trivializing section of L* on D d M. We have \s*{z)\1l* = e^^^^^. Let z = (zi, . . . be 
holomorphic local coordinates of D. We identify D with an open set of C". We have the 
local diffeomorphism: 

(3.3) T : (z,^) e Dx] -£o,£oK e-*(^'s*(z)e-^^ G X, < < tt. 

It is convenient to work with the local coordinates {z,9). In terms of the coordinates 
{z,9), it is straightforward to see that Y = — ^. Moreover, the fiber T*^^'°^X, for v = 
e-'^(-^)s*(z)e~^^ G X, is the vector space spanned by ^ — 'i-§^{z)-^, j = 1, . . . ,n. Further, 

let Zj, = 1, . . . , n, be an orthonormal basis for the holomorphic tangent bundle T^'^'°^M 
and let Cj, j = 1, . . . ,n, be an orthonormal basis of T*(^'°'M which is dual to Zj, j = 
1, . . . , n. Then, Zj — iZj{(p)-^, = 1, . . . , n, is an orthonormal basis for t'^-^'X and 
gj, = 1, . . . , n, is an orthonormal basis for T*(-''°'X which is dual to Zj — iZj{(p)-^, 
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j = 1, . . . ,n. Furthermore, we can check that 

n 

(3.4) cJo = de + Y,{-iZ,{(P)ej + %Z,{(P)e,). 

i=i 

From this, we can compute £,(^ - i^(7r(p))i, ^ + ^^(7r(p))f ) = a^(7r(p)), 
j,k = 1, . . . ,n, p ^ X. Thus, for a given point p e X, we have 

(3.5) 

Cp{U, V) = ( dd4>{TT{p)) , -K^U A TT*V ) 

= (^i?^(7r(p)),7r*C/A7r*F) = {\r\'k{p))t^*U ,i:*V), y U,V e T^'''^X. 
We deduce the following: 

Proposition 3.1. Let (L, h^) be a Hermitian holomorphic line bundle over a complex man- 
ifold M and let X C L* be the boundary of the Grauert tube. Let p ^ X. If the curvature 
has signature (n_, n+) at Tr{p), then Cp has signature (n_, n+). 

We define the operators d^, 5*, which are the local versions of the operators dk, 
dl, d[^^ (see dZ^D-dZg])). by the following equations: 

ds = d + k(d(f))A : n°'''{D) n°''^+\D), 

(3.6) a* = 8* + k[(d(P)Ay : ^ 

□(9) = dsdl + aids : Q°''^{D) ^ Q°'^{D). 

Here d* : Q°''i+'^{D) n°''^{D) is the formal adjoint of d with respect to ( , ). We have 
the unitary identifications: 

f = s'g^ f{z) = e-^'t's-^f = g{z)e-^'^^'\ g G Q°''^(D), 

(3.7) dk^ds, dkf = s''e'"l'dj, 

K^dl, dlf = s^e^frj, 
□1'' M n^^\ □I'^V = 5'=e'=*n(')/ . 

We continue to work with the local coordinates {z,9). As above, let {Zj)'^^-^ be an 
orthonormal basis for T^^'^'M and let (ej)"^i be an orthonormal basis for T*(°'-^'M which 
is dual to {Zj)'^^^. We can check that 

(3.8) d, = f^ie.A) o [Z, + iZM-^) + E((ae,)A) o (e,A)* 
and correspondingly 

(3.9) a: = E((e,A)*) o [Z] + ^ZA<P)-^) + E(e,A)o((ae,)A)*, 

j=i j=i 

where Z* is the formal adjoint of Zj with respect to ( , ). 
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Let ds and d* be as in (ISTTl) and (l3^ . We can check that 

= E(e,A) o + kZ.m + J2{(9ej)A) o (e,A)*, 

(3.10) 

= E((e,A)*) o {Z] + kZ,{cP)) + f:(e,A)o((ae,)A)*. 

j=i j=i 

From now on, we identify A«T*(°'^)M with A^T<°''^^X. From (ISTTl) . (l3^ . expHcit 
formulas of 5„ 5* and (ISTSl) . dQ, we get 

(3.11) □I'^V = s'=e'=*e^'='nl''^(/e-^'='), 

for all / e L*'), where / is given by (ISTTl) . 

Let u{z,e) e X (-fTo.eo))- Note that 

k I e^"^u{z,e)de = j{-t)^^[e^^^)u{z,e)de = j e^'H^{z,e)de. 

From this observation and explicit formulas of d^, d\, ds and 9* (see (13. 8D . Q3.9D and 
(I3.10D ). we conclude that 

(3.12) j e^^u{z,9)d9) = I e'^''{Dl'^u){z,9)de, 
for all u{z, 9) G nl'^{D x (-£o, eo))- 

3.2. Approximate Szego kernels. In this Section we establish the existence of a mi- 
crolocal Hodge decomposition of the Kohn Laplacian on an open set of a CR manifold 
where the Levi form is non-degenerate. The approximate Szego kernel is a Fourier in- 
tegral operator with complex phase in the sense of Melin-Sjostrand [l4T|| . We then spe- 
cialize to the case of the Grauert tube of a line bundle and give a useful formula for the 
phase function of the approximate Szeg5 kernel in Theorem 13.81 

Theorems I3.2H3.4I are consequences of the analysis from chapter 6 and chapter 7 of 
part I in [i29il . In [f29ll the existence of the microlocal Hodge decomposition is stated for 
compact CR manifolds, but the construction and arguments used are essentially local. 

Theorem 3.2. Let X be an orientable CR manifold whose Levi form C is non-degenerate of 
constant signature (n_,n+) at each point of an open set B ^ X. Let q ^ n^,n+. There 
exists a properly supported continuous operator 



(3.13) A : 



//i;,(S,A«T*(°'^)X) ^ H^+\B,AiT<°'^^X), 
{B, A'T*(°'i)X) ^ {B, A^T*(°-i)X) 

l(9) 



for all s >0, such that A is smoothing away the diagonal and M. = I. 

For m G M let SY^q be the Hdrmander symbol space (see Grigis-Sj5strand [26, Def. 1.1] 
for the precise meaning of S]^q). Let po{x, ^) G '^°°{T*X) be the principal symbol of Dj^'. 
Note that Pq{x, ^) is a polynomial of degree 2 in ^. The characteristic manifold of Dj^^ is 
given by I! = S+ U S", where 

S+ = {(x, Awo(x)) e T*X] A > 0} , 
S- = {(x, Awo(x)) e T*X\ A < 0} . 



A : 

(3.14) 
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Theorem 3.3. Let X, B and (n_,n+) as in Theorem 13.21 Let q = or n+. T/ien there 
exist properly supported continuous operators 

'Hi;,(s,A9t*(°'^)x) ^ /fi;t^(B,A9T*(°'i)x), 

: H{^^{B,A^T<°'^^X) H{^^{B,A^T<°'^^X), 

h:^^^ {b, a«t*(0'1)x) ^ h:^^^ {B, A«T*(o-i)X) , 

/or all s >0, such that A, 5_, 5+ are smoothing away the diagonal and 

al'^A + 5_ + 5+ = J, , nl'^s^ = 0, □i^'5+ = 0, 

A = A\ 5_ = 5* = 5! , 5+ = 5; = 5^ , 5_5+ = = 0, 

where A*, 5* and 5| are the formal adjoints of A, 5_ and 5+ wif/i respect to {,) respectively 
and Ks_{x, y) satisfies 

Jo 

with a symbol 

s-{x,y,t) e 5i"o(b X sx]o,oo[,A«r;(°'^'xK a«t;(°'^^x), 

00 

(3.15) s_{x,y,t) - ^si(x,y)r-J in SIo{b x Sx]0, oo[, A«t;(°'1)X K A'T^^^'^^x) , 

si(x, y) G X S, A%*(°'^'X K A%*(°'^)X), = 0, 1, . . . , 

and phase function 

(3.16) ^_e^°°(SxS), Im^_(x,y) >0, ^_(a;,x) = 0, ip_{x,y) if x ^ y, 

(3.17) dx^- 7^ 0, dj^v'- 7^ w/iere Im^_ = 0, 

(3.18) d^ip^{x,y)\:,^y = -Uo{x), dy(p^{x,y)\^^y = Uo{x), 

(3.19) ^_(x, y) = -■^_(y, x). 
Moreover, there is a function f G ^°°{B x S) suc/i t/iat 

(3.20) Po(a;, ?/)) - f{x, y)<p {x, y) 

vanishes to infinite order at x = y. 
Similarly 

KsAx,y)= re'^+^^'y^'s+{x,y,t)dt 
Jo 

with s+{x,y,t) e SIo[b x Bx]0,oo[,A^T*^°'^^XmA^T*^°'^^x), 

00 

s+{x,y,t) - 

in 5i"o(s X Bx]0, oo[, A«T;(°'1'X K A«T;(°'^'x), where 

s\{x,y) e'^°°{Bx S,A«T;(°'^)XKA«r;(°'i)x), = 0,1,..., 

and — ^_|_(x,y) satifies (I3.16D - (I3.20D . Moreover, if q ^ n^, then s^{x,y,t) vanishes to 
infinite order at x = y. If q ^ n_, then 5_(x, y, t) vanishes to infinite order at x = y. 
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The operators 5+, 5_ are called approximate Szego kernels. 

Proof. We only sketch the proof. For all the details, we refer the reader to Part I in 
||29ll . We will use the heat equation method. We work with some real local coordinates 
X = (xi, . . . , X2n+i) defined on B. We will say that a e '^°°(M+ x B x R2"+i) is quasi- 
homogeneous of degree if a{t, x, Xrj) = X^a{Xt, x, rj) for all A > 0. We consider the 
problem 

(-3 21) { {dt + d'^^)u{t,x) = inM+xS, 

\ u(0, x) = v{x). 

We start by a formal construction. We look for an approximate solution of (I3.21D of the 
form u{t, x) = A{t)v{x), 

(3.22) A{t)v{x) = ^^^^^ / e'(^^''^'^)-(y'^))a{t, x, v)v{y)dydv 
where formally 

oo 

a{t,x,r]) - ^aj(i,x,r7), 

aj{t, X, rf) is a matrix-valued quasi-homogeneous function of degree —j. 

The full symbol of D^^^ equals Z]j=oPi(^) 0' where Pj{x, ^) is positively homogeneous 
of order 2 — j in the sense that 

Pj{x,Xr]) = X^-^Pj{x,r]), \r]\ > 1, A > 1. 

We apply dt+D^^^ formally inside the integral in (I3.22D and then introduce the asjmiptotic 
expansion of D[^\ae'''^). Set (dt + □j'^)(ae*'^) ^ and regroup the terms according to the 
degree of quasi-homogeneity. The phase ■^(t, x, rj) should solve 

(3.23) 1 ^-zpo(x,V;) = 0(|Im^|^), ViV > 0, 

This equation can be solved with lmip{t,x,r]) > and the phase ip{t,x,ri) is quasi- 
homogeneous of degree 1. Moreover, 

tp{t, X, rj) = {x, 7]) on S, d^^rj{tp - {x, rj)) = on S, 
lmip{t,x,v)>^ (^|77| j^^)(dist((x,^),I]))', |77| > 1. 

Furthermore, there exists -0(00, x, rj) e ^°°(S x]R^"+^) with a uniquely determined Taylor 
expansion at each point of S such that for every compact set K" C S x R^"+-^ there is a 
constant Ck > such that 

Im V'(oo, X, 77) > Cj:f I77I ^dist ^(x, -p|), j , I??] > 1. 

If A G ^{T*B \ 0), A > is positively homogeneous of degree 1 and A|s < minAj, 
Xj > 0, where ±iXj are the non-vanishing eigenvalues of the fundamental matrix of 
□j'', then the solution ip{t,x,r}) of (I3.23D can be chosen so that for every compact set 
K C B X ]R^"+^ and all indices a, P, 7, there is a constant Ca,^,-y,K such that 

d:d^dUip{t, X, v) - t/'Coo, X, v)) < c^,^,-y,Ke-^^''''^' on 1+ x K. 
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We obtain the transport equations 



(3.24) 



T{t,x,r),dt,d,)ao = 0{\lm^p\''), ViV, 

T{t,x,r],dt, d^)aj + lj{t,x,ri, ao, . . .,0^-1) = 0(|lm V'l'^), ViV. 



Following the method of Menikoff-Sj5strand [l42|| . we see that we can solve (I3.24D . 
Moreover, aj decay exponentially fast in t when q ^ n , n+, and has subexponential 
growth in general. We assume that g = n_ or n_|_. We use SjDj'^ = Dl^^^^db, 5j Dj,'^ = 
nf^d: and get 

d,(d,{e''^a)) + Dl'+'\d,{e'^a))^0, 
d,(d:{e^^a)) + nt'\d:{e^^a))r^O. 

Put 

We have 

The corresponding degrees of a and a are g + 1 and ? — 1. We deduce as above that 2 
and a decay exponentially fast in t. This also applies to 

Thus, dt{ae^'^) decay exponentially fast in t. Since dtip decay exponetially fast in t so does 
dta. Hence, there exist 

aj (00, X, 77) e c°° (t*b, A9r*(o.i)x K A«r*(°'^)x) , J = 0,1,..., 

positively homogeneous of degree —j such that aj{t,x,ri) converges exponentially fast 
to aj(oo, X, rj), for all j G Nq. 

Choose X e '^o°°(M^"+^) so that x(77) = 1 when \ri\ < 1 and x{v) = when \ri\ > 2. We 
formally set 



(27r)2"+i 
and 



(27r) 



_1 I (e^W°°.-..)-(...»a(oo,x,77))d77. 



We can show that yl is a pseudodifferential operator of order —1 type (|, |) satisfying 

5 + n['^oA = J, □[''o5 = 0. 

Moreover, from stationary phase formula of Melin-Sjostrand [l4T|| , we can show that 
5 = 5_ + 5+, where 5_, 5+ are as in Theorem 13. 3[ □ 

The following result describes the phase function in local coordinates. 
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Theorem 3.4. Let X, B and (n_,n+) as in Theorem \3.2\ For a given point Xq G B, let 
Wi, . . . , Wn be an orthonormal frame ofT^^'^^X in a neighborhood ofxo, such that the Levi 
form is diagonal at Xo, i.e. Cx^{Wj,Wj) = iJ,j, j = 1, . . . ,n. We take local coordinates 
X = (xi, . . . , X2n+i), Zj = X2j-i + ix2j, j = 1,. . .,n, defined on some neighborhood of Xq 
such that ci;o(a;o) = dx2n+i, x{xo) = 0, and for some Cj G C, 

^3= a CjX2n+l-Z + 0{\xf), j = l,...,n. 

OZj OX2n+l OX2n+l 

Set y = (z/i, . . . , y2n+i), Wj = 2/2j-i + iy2j, j = l,...,n. Then, for (p_ in Theorem\3J\ we 
have 

(3.25) Im^_(x,y) > |xj - j/jI^ , c> 0, 

i=i 

in some neighborhood of (0, 0) and 

n-l 

<P {X,y) = -X2n+1 + y2n+l + « I^jl ~ '^il^ 

n-l 



(3 26) + XI yi^ji^j'^J - ^j'^j) + Cj{-ZjX2n+l + Wjy2n+l) 

J = l 

+ Cj{-ZjX2n+l + Wjy2n+l)j + {X2n+1 " y2n+l)f{x, t/) 

+ 0{\{x,y)f), 
where f e /(0, 0) = 0, f{x, y) = J{y, x). 

Remark 3.5. If we go through the proofs of Theorem 13.21 and Theorem 13.31 (see ||29ll ), it 
is not difficult to see that Theorem l3.2l and Theorem l3.3l have straightforward generaliza- 
tions to the case when the functions take values in A'^T*^°'^^X (8) F, for a given smooth CR 
vector bundle F over X. We recall that F is a CR vector bundle if its transition functions 
are CR. 

Remark 3.6. Let ip e ^°°(S x B). If ip satisfies (l3J6l) - (l3J8]) . (13:201) and (13:25]) . fUS^ . 
then it is well-known that (see Section 3 and 7 of [291 and Menikoff-Sj5strand [|42]| ) 
(p{x, y)t, t > 0, and (p-{x, y)t, t > 0, are equivalent at each point of diag (^(S" C\T*B) x 

{T,-f]T*B)) in the sense of Melin-Sj5strand (see Melin-Sj5strand Bm p. 172]). We recall 
briefly that 0{x, y)t, t > 0, and y)t, t > 0, are equivalent at each point of 

diag ((S" n T*B) x [J] n T*B)) 

if for every 

(xo,-AoWo) = {xo,Xoda;(p-{xo,Xo)) = {xo,Xod^0{xo,Xo)) G T,'(~]T*B, 

there is a conic neighborhood F of (xo,Xo,Ao), such that for every a{x,y,t) G S^{B x 
B X ]R+), m G with support in F, we can find a{x, y, t) G S^{B x B x R+) with support 
in F, such that 

roo roo 

/ e^^-(^'2')*a(x, y, t)dt = / e^*'(^'^)*a(x, i)dt 

and vise versa, where denotes the classical symbol of order m (see page 38 in [l26ll . 
for the precise meaning of S^) . 
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If w e T<°'^^X, as dO, we let (wA)* : A'i+^T*^°'^^X MT<°''^^X, q > 0, denote the 
adjoint of left exterior multiplication to A : A«T;(°'^'X A«+^r;(°'^'X. 

The following formula for the principal symbol s°_ on the diagonal follows from [l29l 
§8], its calculation being local in nature. 

Theorem 3.7. Let q = n_. For a given point Xq G X, let Wi{x), . . . , Wn{x) be an orthonor- 
mal frame ofT^^'°^X, for which the Levi form is diagonalized at Xq. Let Tj{x), j = 1, . . . ,n, 
denote the basis of T*^°'^^X, which is dual to Wj{x), j = 1, . . . ,n. Let iXj{x), j = 1, . . . ,n, 
be the eigenvalues of the Levi form with respect to {■ ,-). We assume that iu,j{xo) < if 
1 < j < n_. Then, for s°_{x, y) in (I3.15D . we have 

^ j=n- 

s°(xo,Xo) = -|Mi(a;o)|---|Mn(xo)|7r-"-' H {Tj{xo)A) o {T,{xo)aT . 

We return now to the situation where X is the Grauert tube of a line bundle L as in 
Section [STTI and use the notations introduced there. Let {z,9) be the coordinates as in 
(13.31) . We assume that B = Dx] - eo,eo[, Sq > 0, D m M. We write {z, 9) = {x', X2„+i) = 
X, Zj = X2J-1 + ix2j, j = 1, . . . ,n, d = X2n+i, x' = {xi, . . . , X2n)- We also write x' = {x', 0). 
Until further notice, we work with the local coordinates {z,9) = [x', X2n+i)- Let ^ be the 
dual variables of x. From (13. 8D and (I3.9D , we can check that the principal symbol of d[^^ 
satisfies 

(3.27) Po{x,0=Po{x',0- 

That is, the principal symbol of is independent of X2n+i- 
From (I3.18D and recall the form Uq (see (13. 4D ). we have 

dx(p-{x, x) = —dx2n+i + a{x')dx', a G 

Thus, near a given point (xq, Xq) G S x S, we have 7^ 0. From Malgrange prepa- 

ration theorem(see Theorem 7.57 in Hdrmander [l28ll ), we have 

(3.28) ^_(x, y) = ^(x, 2/)(-X2n+i + h{x', y)) 

in some neighborhood of (xq, Xq), where g,h ^ g{x, x) = 1, h{x', x) = X2n+i. Since 
Im (/p > 0, from this, it is not difficult to see that Imh > in some neighborhood of 
(xo.xo). We may take B small enough so that (I3.28D holds and Im/i > on S x S. 
From global theory of Fourier integral operators (see Theorem 4.2 of [14TII "). we see that 
(P-{x, y)t and (— X2„+i + h{x', y))t are equivalent in the sense of Melin-Sjostrand. We can 
replace the phase ^_ by — X2n+i + h{x' , y). Again, from (I3.18D . we have 

-^^{x' ,x)dx' — dx2n+i = —oJo{x) = —dx2n+i + a(x')dx'. 

Thus, ■§^{x', x) is independent of X2n+i. We conclude that 

dh dh 

(3.29) -Tr-;{x', x)dx' - dx2n+i = -tt-X^' y x')dx' - dx2n+i = -ujq{x). 
ox' ox' 

Similarly, we have 

dh dh 

(3.30) % ^^'^^ " '^y^n+i + '^i(y'' yW = ^o{y)- 
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Put 

(p = -X2n+1 + y2n+l + h{x' , y'). 

Note that — X2„+i + h{x' , y) satisfies fl3.20D . From this and G3.27D , we have 

Po(a;, (^(^''^Z)- -1)) =Po{x', (^(a^'.y). -1)) = f{x,y){-X2n+\+h{x\y))+0{\x - y\^) 
for all iV e N, for some / G Hence, 

(3.31) po(x,<^;) =po{x\(p'^) = f{x,y'){-X2n+i + h{x',y')) + 0{\x' - y'\^ + \x2n+i\^), 
for all iV G N. We replace X2n+i by X2„+i — t/2n+i in (I3.31D and get 

(3.32) po{x, ip',) = po(x', (p',) = fix, y)(p + 0(|x - yf), 

for all JV G N, for some / G Thus, (p satisfies (l3?20l) . Note that po(a;, ^L) is indepen- 
dent of X2n+i- Take X2„+i = y2n+i + h{x',y') in fl3.32D and notice that h{x',x') = 0, we 
conclude that 

(3.33) po{x, (p',) = 0{\x' - y'f), ViV G N. 

Furthermore, from Q3.29D and fl3.30D . we see that (p satisfies fl3.18D . Moreover, for a 
given point p e D, we may take local coordinates z = (zi, . . . , z„) = {xi, . . . , X2n) = x 
centered at p such that the metric on T^^-^^M is X]"=i dZj <S> dzj at p and 

(3.34) (P{z) = f2^j\zjf + 0{\zf), 

i=i 

in some neighborhood of p, where Xj 0, j = 1, . . . ,n. From (I3.26D and (I3.28D . it is not 
difficult to see that 

n n 

(3.35) h{x',y') = ~ '^jI^ '''Yl^ii^i'^j ~ ^j^i) + ^(K^^'i 

Thus (p satisfies (13.261) . Furthermore, from (I3.35tt and consider Taylor expansion of 
h{x' , y') at x' = y', we see that 

lmh{x',y') > c\x' - y'\^ , c> 0. 

Thus, ^ = if and only if x = y. We conclude that <p satisfies (l3J6l) - (l3J8]) . (13120]) 
and (I3.25D . (I3.26D . In view of Remark [3^ we see that tcp^ and tip are equivalent at 
each point of diag ((S" n T*S) x (S" n T*B)^ in the sense of Melin-Sjostrand. Since 
(p-{x, y) = —^_{y, x), we can replace ^_ by 



-{(p{x, y) - (p{y, x)) = (-X2n+i + y2n+i) + -^{h{x' , y') - h{y', x')). 
Summing up, we get the following. 

Theorem 3.8. Let {L, h^) he a holomorphic Hermitian line bundle whose curvature is 
non-degenerate of constant signature (n_,n+) at each point of an open set D (£ M. Let 
IT : X ^ M be the Grauert tube of L (cf (137TD ) and let B = Tr'^iD). With the notations 
used before, we can take the phase (p-{x, y) in Theorem \3.3\ so that 

<p^{x, y) = -X2n+i + ?/2n+i + *(^, w), y') = ^(z, w) G 

(3.36) „ 

Po{x,(p'_{x,y)) = 0{\x' - y'\ ), locally uniformly on B x B,for all iV G N, 
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where po{x, ^) is the principal symbol ofD^f^ and ^ satisfies 

= -'^{w,z) , 3c > : Im* >c\z - wf , *(z,ti/) = ^ z = w . 

Moreover, for a given point p ^ D, we may take local holomorphic coordinates z = 
(zi, . . . , Zn) centered at p such that the metric on T^'^'°^M equals I]j=i dzj ® dzj at p and 
(I3.34D holds. Then, near (0, 0),, we have 

n n 

(3.37) *(z, w) = iY^ |A,| \z, -Wj\^ + iY, ^AzjW, - z,w,) + 0(|(z, w)f). 

From now on, we assume that ^ has the form (13.361) . 

3.3. Semi-classical Hodge decomposition for the Kodaira Laplacian. In this Section 
we apply the results about the Szego kernel previously deduced in order to describe the 
semiclassical behavior of the spectrum of the Kodaira Laplacian □[.'^ We first introduce 
some notations. Let D d M be an open set. For any fc-dependent continuous function 

Fk : /f^omp [D, A«T*(°'^)M) ^ {D, A«T*(°'^)M), s, s' G M, 

we write 

Fk = 0{k''°) : H^,^^ {D, A«T*(°'^'M) ^ H^;^, {D, A^T^^^-^^M), no G Z, 
if for any Xo> Xi ^ '^o°°(-^)' there is a positive constant c, c is independent of k, such that 

(3.38) ||(XoJ^fcXi)^^||y < ck^° \\ul , Vu e Hl^{D,h!^T<°''^M), 

where \\u\\^ is the usual Sobolev norm of order s. 

A fc-dependent smoothing operator Ak : Q,l''^{D) — > Q°''^{D) is called ^-negligible if 
the kernel Ak{x,y) of Ak satisfies d"d^Ak{x,y) = 0{k^^) locally uniformly on every 
compact set in D x D, for all multiindices a, p and all N ^N. Ak is ^-negligible if and 
only if 

Ak = 0{k-^') : H'^^^^ {D, A«r*(°'^)M) ^ Kt^{D, A«T*(°'^)M) , for all N,N'>0,seR 

Let Cfc : f2o'^(D) — Q°''^{D) be another A;-dependent smoothing operator We write 
Ak = Ck mod 0{k-°°) or Ak{x, y) = Ck{x, y) mod 0(A;-°°) if Ak - Ck is fc-negligible. 
We recall the definition of semi-classical Hormander symbol spaces: 

Definition 3.9. Let U be an open set in M-^. Let 5(1; U) = 5(1) be the set of a G ^°°(?7) 
such that for every a G N^, there exists Ca > 0, such that |5°a(x)| < on U. If 
a = a{x, k) depends on k g]1, oo[, we say that a{x, k) G 5ioc(l) if x(3^)^i(a;, A;) uniformly 
bounded in 5(1) when k varies in ]l,oo[, for any % G '^^{U). For m G M, we put 
5,- (1) = fc-5ioc(l). If a, G 5i:^,^(l), m, \ -oo, we say that a - Y.%^a, in 5i':^°(l) if 
a - Ef=o G 517^"°^' (1) for every Nq. From this, we form 5i'^, (1; Y, E) in the natural way 
where y is a smooth paracompact manifold and ^ is a vector bundle over Y. 

We return to our situation. Let s{z) be a local trivializing section of L on an open 
subset D d M and |5|^i, = e^^^. We assume that ddcp is non-degenerate of constant 
signature (n_,n+) at each point of D. Let {z,6) be the local coordinates as in 03. 3D 
defined on Dx] — Eq^EqI, Bq > 0. We identify Dx] — eo. ^o[ with some open set of X and 
until further notice we work with the local coordinates {z,9). Let be the operator as 
in 03. 7D and (13. 6D . Since ddcp has constant signature (n_, n+) at each point of D, from 
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(I3.5D . we know that the Levi form L has constant signature (n , n+) at each point of 
Dx] - eo,e'o[- 

Let g = n or n+ and let 5 , 5+ be the approximate Szeg5 kernels defined in Theo- 
rem [3T3l Define also the approximate Szego kernel 

(3.39) 5 = 5_ + 5+ . 

Let x(^),Xi(^) G '^o°°(] - ^o.^oQ, X.Xi > 0. We assume that Xi = 1 on Suppx- We take 
Xso that/x(^)d^ = 1- Put 

(3.40) Xfc(^) = e-^''x(^)- 

The approxiamte Szego kernel was introduced in (I3.39D . We introduce the localized 
approximate Szego kernel Sk by 

Sk : iffoc {D, A«T*(°'^)M) ^ if,;, (D, A«T*(°'^'M), Vs G Nq, 

(3.41) ti(z) ^ I e'"'xi{0)S{Xku){z,e)d9. 

Letu(z) e /ff„,(D,A«T*(°'i)M), s e Nq. We have Xfc(^)ti(-2;) G H{,,{Dx]-eo,eo[,A^T<°^^^X). 
From Theorem 13. 3[ we know that 

Sixku) G H,;,(Dx] -£o,eo[,A'r*(°-i)X). 

From this, it is not difficult to see that J e'^''xi{0)S{xku){z,9)d9 G H{^^{D,A^T<°''^^M). 
Thus, the localization Sk is well-defined. Since S is properly supported, Sk is properly 
supported, too. Moreover, from (13.141) and (I3.41D . we can check that 

(3.42) Sk = 0{k') : H:,^^ [D, A^T<'''^M) ^ H^,^^ {D, A^T<'''^M), 
for all s e No. 

Let S; : ^'{D,A^T<°''^^M) S>'{D,A^T<°''^^M) be the formal adjoint of Sk with 
respect to ( , ). Then S^ is also properly supported and we have 

(3.43) S; : c^'{D, A«T*(°'^)M) ^ ^'(D, A«T*(°'^'M). 
From (l3rT2]) . we have 

□l^^o( / e^''xi{e)S{Xku)de) = [ e^'HDl'\xiS)){Xku){z,9)d9 

(3.44) ^ ^ y V ^ 



(□(''(Xi5x))(Xfc^)(-2,^)d^, 



where x G ^o°°(] ~^o, £^o[), X = 1 on Suppx and Xi = 1 on Suppx and u e f^o''(D). Note 
that □[^^(xi5x) = nS^H^x) - ni^^CCl - Xi)^x)- From Theorem[331 we know that ul^^S 
is smoothing and the kernel of S is smoothing away the diagonal. Thus, (1 — Xi)'S'x is 
smoothing. It follows that □['^((l — Xi)'S'x) is smoothing. We conclude that □j'^(xi5x) 
is smoothing. Let K{{z, 9), {w, r])) e be the distribution kernel of □j''(xi5'x), where 
w = (wi, . . . , Wn) are the local holomorphic cooordinates of D and r] is the coordinate of 
] — eo,eo[. From (13.441) and recall the form Xk (see (I3.40D ). we see that the distribution 
kernel of D[i^Sk is given by 

(3.45) {a'f^Sk){z, w) = l e^^'-'^^'Kiiz, 9), {w, r]))x{v)dvd9. 



25 



For iV e N, we have 
(3.46) 



drj 

Thus, □(«'5fc(z,w) = 0{k-^), locally uniformly for all N e N, and similarly for the 
derivatives. We deduce that 



□(«)<Sfc = mod 0(A;-°°). 
5^n(«) = mod 0(fc-°°). 



(3.49) 



(3.47) 
Thus, 
(3.48) 

Let A be the partial parametrix of □['^ described in Theorem 13.31 Define the localized 
partial parametrix Ak by 

Ak : J/i;,(D, A'r*(°'^'M) ^ /ff+^(i:', A«T*(°'^)M), V5 e No, 

As above, we can show that Ak is well-defined. Since A is properly supported, Ak is 
properly supported, too. Moreover, from (I3.14D and (I3.49D , we can check that 

(3.50) Ak = 0{k') : H:,^^{D,A'T<°''^M) ^ H:^^^{D,A'T<°''^M), 
for all s e No. 

Let Al : ^'{D,A'iT<°'^^M) &'{D,MT<°^^^M) be the formal adjoint of Ak with 
respect to ( , ). We can check that 

{Alv){z) = I ^)A*{ve-^''xi){z,9)de e nl'\D), 

for all V e 0,1''^{D). Thus, Al : 0,°o'\D) 0.o\D). Moreover, as before, we can show 
that 

(3.51) Al = 0{k') : Hl^^ {D, A«T*(°'^)M) ^ H^+J,^ {D, A''T<°''^M) , for all s e No. 
Let u e Qo\D). From we have 

ni^\Aku) = □(^)o( I e^"'xiA{Xku)de) = I e^'" {nl'\, Ax){Xku){z,9)d9, 

where x is as in I^Ml- Note that □[''(xi^x) = oI'\Ax) - □i'^((l - Xi)>lx)- From 
Theorem 13.31 we know that d[^^A + S = I and the kernel of A is smoothing away the 
diagonal. Thus, (1 — Xi)-^X is smoothing. It follows that d[^\{1 — Xi)-^x) is smoothing. 
We conclude that d[^\xi-^x) = ~ '3)X- Froni this, we get 

ni^\Aku) = I e''\l-S){xku){z,9)d9 + j e'"'F{xku){z,9)d9 

(3.52) = - / ^'''SiXku){z, 9)d9 + j e'"'F{xku){z, 9)d9 

= (/ - Sk)u - j - Xi)S{XkU){z, 9)d9 + j e'"'F{xku)iz, 9)d9, 
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where F is a smoothing operator. We can repeat the procedure as in (13 .460 and conclude 
that the operator 

is fc-negUgible. Similarly, since (1 — Xi)'S'x is smoothing, the operator 

j e''\l - xi)5(xfcu)(z, e)de, u G 

is also fc-negligible. Summing up, we obtain 

(3.53) nl^Ufc + <Sfc = J mod 0(A;-°°). 

We may replace Sk by A and we have □(«Mfc+5fc = / and hence AlU[^'^+Sl = 

I. Thus, 

(3.54) Sk = {Aini^^ + s;)Sk = Ain'f^Sk + sis^. 

From (13^471) and (l33T]) . we see that 

Aini^^Sk = Oik-""') : A'T*(°-^)M) ^ Hl^^^{D,h.'^T<'''^M'), 

for all s G M and N',N G N. Thus, AlU^^^Sk = mod 0{k-°°). From this and (I334D . 
we get 

(3.55) 5fc*<Sfc = Sk mod 0(fc-°°). 
It follows that 

(3.56) Sk = SI mod 0{k-°°), Sl = Sk mod 0(A;-°°). 

From dMl]), dMZl), dMS]), (13301) . (l33T]) . (l333l) . (l335l) and (l336l) . we get our main 
technical result: 

Theorem 3.10. Let s{z) he a local trivializing section of L on an open subset D (£ M and 
\s\1l = e"^*. We assume that 2dd<p = is non-degenerate of constant signature (n_, n+) 
at each point of D. Let q = n_ or n_|_ and let Sk be the localized approximate Szego kernel 
Q3.41D and Ak the localized partial parametrix G3.49D . Then, 

SlSk = 0{k') : //:_p(D, A«T*(°'^)M) ^ H^^^^iD, A^T<'''^ M), Vs G No, 
AlAk = 0{k') : H:,^^{D,A^T<°^'^M) ^ (D, A'T*(°'^)M), Vs G No, 

and we have 

(3.58) □(«'5fc = mod 0{k-°°), SlU'f^ = mod 0(fc-°°), 

(3.59) Sk = S; mod 0{k-°°), Sk = Sl mod 0(A;-°°), Sk = S;Sk mod 0(A;-°°), 

(3.60) S; + Aini''^ = I mod 0{k-°°), 5fc + □i'Ufc = J mod 0(A;-°°), 

where Sl and Al are the formal adjoints of Sk and Ak with respect to {,) respectively and 
15 given by (ISTTD and (l3^ . 



We notice that Sk, Sl, Ak, Al, are all properly supported. We need 
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Theorem 3.11. The localized approximate Szego kernel Sk given by (I3.41D is a smoothing 
operator. Moreover, if q = n^, then the kernel of Sk satisfies 

(3.61) <Sfc(z, w) = e^''*^^'^'^'^, w, k) mod 0(A;-°°), 
with 

oo 

(3.62) b{z, w,k)r^Yl bji^' w)k''-^ in S^"^^ (l; DxD, A'^T^^'^^M K A^T*^°'^^m), 

bj{z, w) G (d X D, A«T^(°'^)M K A«T;(°'^)m) , j = 0, 1, . . . 

and ^(z, w) is as in Theorem \3.8\ 

If q = n^, n_ 7^ n^, then 

(3.63) <Sfc(z,iy) = mod 0(A;-°°). 

Proof Theorem 13.111 essentially follows from the stationary phase formula of Melin- 
Sj5strand [14T1| . Let s{z) be a local trivializing section of L on an open subset D ^ M 
and |s|^L = e^^'^. Assume that ddcp is non-degenerate of constant signature (n_,n+) 
at each point of D. Let 5 = n or n+. Let {z,9) be the local coordinates as in (13. 3D 
defined on Z?x] — eo, eo[- We identify Dx] — eo, e'o[ with some open set of X and until fur- 
ther notice we work with the local coordinates {z,9). We write {z,9) = (a;', X2n+i) = x, 
Zj = X2J-1 + ix2j, j = 1, . . . ,n, 6 = X2n+i, x' = {xi,..., X2n)- We identify x' with (x', 0). 
We also write {w,t]) = (i/',t/2n+i) = y, wj = i/2j_i + iy2j, j = 1, . . . ,n, t] = j/2n+i, 
y' = (t/i, . . . , t/2n), where w = {wi, . . . , w„) are the local holomorphic coordinates of D 
and 7] is the coordinate of ] — eo, eo[. From the definition (I3.41D of Sk and Theorem 13.31 
we see that the distribution kernel of Sk is given by 

(3.64) 

Sk{x',y')= f e^^-(^'^)*+^^-+^'=-^^-+^'=s_(x,y,t)xi(x2n+i)x(2/2n+i)da;2„+ididy2n+i 

-'i>0 

^ f e^^^+(-.^)*+--+i'=-3/-H-i'=s+(a;,j/,0xi(a;2n+i)x(l/2n+i)rfx2n+idid?/2.+i mod 0(fc-°°) 

= /o(a;',i/') + A(a;',2/') mod 0(A;-°°), 
where the integrals above are defined as oscillatory integrals. First, we study the kernel 

hix', y') = f e^^+(-.2/)*+--+i'=-3/-+i'=s+(x, y, t)xi{x2n+i)x{y2n+i)dx2n+idtdy2n+i. 

Jt>0 

By the change of variables t = ka we get 

Ii{x,y)= e V ^ ks+{x,y,ka)Xl{x2n+l)X[y2n+l)dx2n+ld(7dy2r^+l■ 

Ja>o 

Note that dx(p+{x, x) = Wo(x). Taking into account the form cJo{x) (cf. (13. 4D ). we see that 
3^2^+1 ^) ~ view of Theorem 13. 3[ we see that ¥'+(2^. y) = if and only if a; = y. 
We conclude that 

(^d^{(p+{x,y)a + 

'^2n+l y2n+l ).<^X2„+i(^+(a;,t/)0- + X2n+l - y2n+l)) 7^(0,0), O" > 0. 

Thus, we can integrate by parts in a and X2n+i and conclude that /i is smoothing and 
(3.65) /i = mod 0(A;-°°). 
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Now, we study the kernel 

Jt>0 

As before, by letting t = ka, we get 
(3.66) 

Ja>0 

In view of (I3.36D . we see that 

(3.67) cp-{x,y) = '^{x',y') + y2n+i-X2n+i, Im*(x', y') > 0- 
Put 

(3.68) ^(X, y, a) = y') + t/2n+l - X2n+l)cT + X2n+1 - y2n+l- 

Let (p{a) G ^o°°(^+) with ip{a) = 1 in some small neighborhood of 1. We introduce the 
cut-off functions tp{a) and 1 — (p{a) in the integral (13.66D : 

(3.69) I°o{x',y'):= f e''''^^'y'^^ip{a)ks.{x,y,ka)xi{x2n+i)x{y2n+i)dx2n+idady2n+i, 

J(7>0 

(3.70) 

Io{x', y') := / e^fci'(^.y.<^)(i _ ip{a))ks_{x, y, ka)xi{x2n+i)x{y2n+i)dx2n+idady2n+i , 

Ja>0 

SO that 

Io{x',y') = l',{x',y') + l',{x',y'). 

First, we study Iq{x', y'). Note that when a ^ 1, dx^^^^'^{x, y,a) = 1 — a ^ 0. Thus, we 
can integrate by parts and get that Jq is smoothing and Iq{x', y') = mod 0(A; °°). 

Next, we study the kernel Iq{x', y'). First, we assume that q = n+, n+ 7^ n_. In view 
of Theorem 13.31 we see that 5_(x, y, t) vanishes to infinite order at x = y. Thus, Iq = 
mod 0{k-°°). Therefore, we get (l3^ . 

Now, we assume that q = n_. Since the integral (I3.69D converges, we have 

^o{x',y')= I H{x',y)x{y2n+i)dy2n+u 

(3.71) r , , 

H{x',y)= / e'^'^^'''y^^>(p{a)ks_{x,y,ka)xi{x2n+i)dx2n+ida. 

Recalling the form of ^(x, y, a), we have Im ^(x, y, a) > 0, do-^(x, y,a) = if and only 
if X = y and d^^n+i^^i^' y> '^)\x=y = I — cr. Thus, x = y and a = 1 are real critical points. 
Moreover, we can check that the Hessian of ^(x, y,a) at x = y, a = 1, is given by 

/ *::<,(x,x,i) ^^^„^^,(x,x,i) -i\ 

Thus, ^(x, y, a) is a non-degenerate complex valued phase function in the sense of Melin- 
Sjdstrand ET]] . Let 

^{x,y,a) :={^{x',y') + {y2n+i - X2n+i))9 + X2n+i -hn+i 

be an almost analytic extension of ^(x, y, a), where ^{x' , y') is an almost analytic exten- 
sion of ^(x', y') (with ^(x', y') as in (I3.67D ) and similarly for y2n+i, X2n+i and a (see [14T1 
§2] for the precise meaning of the almost analytic extension) . We can check that given 
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y2n+i and (x', y'), X2n+i = y2n+i + y'), cr = 1 are the solutions of g = 0, = 0. 

From this and by the stationary phase formula of Melin-Sj5strand [|4T|| . we get 

(3.72) H{x', y) = e^'^^^^'-^'^aCx', y, k) mod 0(A;-°°), 
where a{x',y,k) G ^""(d x {Dx] - Eq, eo[), A^T<°''^^ M M A^T<°''^^ m), 

oo 

a(a;',?/,fe) - ^1 ?/) in^ioc(l;^ x {Dx]-eo,eo[),A'^T<°'^^MmA'iT<°'^^M), 

3=0 

aj{x',y) G ^""(d X (Dx] - Sq, ^oQ, A'T*(°'^)M K A«T*(°'^)m), j = 0, 1, . . . 

and 

(3.73) ao(x', ?/) = 27r5^_ ((x', i/2n+i + y')). 2/). 

where is an almost analytic extension of s^_, s°_ is as in fl3.15D . 
From (ISTTD and (13:72]) . we get, 

(3.74) /°(x', t/') = e^'^^^^'-^'^Ka;', ?/', fc) mod 0(A;-°°), 
where 

oo 

y', A;) - X! k'^'b^ix', y') in (1; D x D, A«T*(°'1)M K A^T<°'^^M), 

(3.75) b,(x', y') = I a,(x', 2/)x(2/2n+i)d?/2n+i e X A'T*(°'i)M K A^T<°''^M), 

j = 0,1, Theorem 13.111 follows . □ 

As before, let s be a local trivializing section of L on an open set D d M and \s\1^l = 
e^^. We assume that dd(p is non-degenerate of constant signature (n , n+) at each point 
D and let q ^ n^. We first assume that q = n+, n+ 7^ n_. In view of Theorem 13. 101 and 
(I3.63D . we see that when q = n+, n+ 7^ n_, we have 

(3.76) ni'Mfc = / mod 0{k-°°), 

where Ak is as in Theorem 13. 101 

Now, we assume that q ^ n_,n+. From Theorem 13.21 we can repeat the proof of 
Theorem 13 . 1 01 and conclude that there exists a properly supported continuous operator 

A = 0{k') ■ Hl,^^ {D, A'r(°-i)M) ^ {D, A^T*(°-^)M), V5 > 0, 

such that 

(3.77) ni^Ufc = / mod 0{k-°°). 
Summing up, we obtain 

Theorem 3.12. Let s{z) be a local trivializing section of L on an open subset D (£ M and 
\s\l^L = e"^^. We assume that 2dd<p = is non-degenerate of constant signature (n_,n+) 
at each point of D. Let q ^ n_. Then, there exists a properly supported continuous operator 

A = 0{k') : H:^^^ {D, A^T<°''^M) -> if^+^p {D, A'T*(°'i)M), Vs > 0, 

such that 

□i'Ufc = / mod 0{k-°°). 
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Remark 3.13. From Remark [375l we can generalize Theorem 13.101 and Theorem 13.121 
with essentially the same proofs to the case when the forms take values in L*^ ® E, for a 
given holomorphic vector bundle E over M. 

We have the following 

Theorem 3.14. Let s{z) be a local trivializing section of L on an open subset D (£ M and 
\s\l^L = e"^*^. We assume that 2dd(j) = is non- degenerate of constant signature (n_,n_|_) 
at each point of D. Let q = n_. For a given point p ^ D, let Vi, . . . ,Vn be an orthonormal 
frame ofT^^'°^M in a neighborhood of p, for which is diagonalized at p, namely, 

R'-ivWAv) = Mp)Vj{p) , j = l,...,n, 

Aj(p)<0, j = l,...,q, 

^j{p)>0, J = q+l,...,n. 

Let denote the basis of T*'^°'^'^ M, which is dual to (Vj)^^^. Then, for bo{z,w) in 

(l3^ . we have 

bo{p,p) = (27r)-" detR\p)\ fl{T,{p)A) o (T,(p)A)* 

(3.78) ',=1 

= (27r)-"|deti?^(p)|/,,,^., 
where I^^^^* e End(A9T*(°'i)M)) 15 as in the discussion after (II. 2D . 
Proof From fl3.73D and q3.75D , we have 

(3.79) bo{x', X') = 27r J S°_ ((x', y2n+l), {x', t/2n+l))x(2/2n+l)%2n+l- 

In view of Theorem |3.7[ we know that 

5° ((X',y2n+l), (x',2/2n+l)) = \ \f^l{x')\ ■ ■ ■ \^^.{x')\ TT"""^ '[1 iU^')^) ° (^.(^Oa)*, 

where ^j(x'), = 1, . . . , n, are the eigenvalues of L^i and Ti(x'), . . . , T„(x'), are as in 
Theorem |3.7i From this, 03.790 and the identification of the Levi form and R^ (see 
(1331) ) and notice that • • • |Mn(p)| = 2"" |Ai(p)| • • • |A„(p)| = 2"" \dei R^{p)\, (13^781) 

follows. □ 

4. Asymptotic expansion of the spectral function for lower energy forms 

Let (M, 6) be a Hermitian manifold and let (L, h^) be a Hermitian holomorphic line 
bundel on M. We recall that (cf. (fOD ) S^_^^{M,L^) denote the spectral space of U^^'' 
corresponding to energy less than k~^°. In the present Section we study the asymptotic 
expansion of the spectral function associated to S'^_i^^[M, L'^). In Section |4!T1 we prove 
pointwise upper bounds for the eigenforms of the spectral spaces S'^-nq (M, L'') in terms of 
their L^-norm (Theorem |4.3D . In Section |4r2] we compare the localized spectral projection 
with the localized approximate Szego projection <Sfc. In Section |431 we apply this results 
to prove the asympotic expansion of the spectral function and thus give the proof of 
Theorem ll.il In Section [4^41 we exhibit the asympotic expansion of the Bergman kernel 
and prove Theorem 1 1.61 Finally, in Section [43] we calculate the coefficients and 6° and 
thus prove Theorem II. 2[ 
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4.1. Asymptotic upper bounds. Fix iVo > 1. In this Section we will give pointwise 
upper bounds for u and d'^u, where u G ^^-nq {M, L'^). 

Let D (£ M he a chart domain such that I/l^ is trivial. Let s be a local trivializing 
section of L on D and set |s|^i = e~^'^. Let (,)fc^ be the inner product on the space 
Q.°o'\D) defined as follows: 

(/, 9)h = f{f>9 )e-""^dvM{x) , f,ge n'o'{D) . 
Jd 

Let d*'''* : n°''^+'^{D) Q°'«(D) be the formal adjoint of d with respect to ( , )fc^. Put 
□g = dd*''"^ + d*''"*'d : Q°^'i{D) ^ Q°^'i{D). Let u G Q°^'i{D,L^). On D, we write 
u = s^u, u e Q^'^iD). We have 

(4.1) dS = s'ni'lu. 

Fix p ^ D and consider local coordinates z = (zi, . . . , z„) = (xi, . . . , X2n) = x on D, such 
that x{p) = z{p) = and 0(z) = near p. Let Fk{z) := ^ be the scaling map. For 

r > 0, let Dr = {x; \Xj \ <r,j = 1,..., 2n}. Let / e f^°'«(L'i2£fc), / = E|7|=5 fjdz^- We 
define the scaled form F^f G fi°''(Aogfc) by 

1-^1=? 

Let U^kl,(k) '■ ^°''(Aogfc) f^°''(Aogfc) be the scaled Laplacian defined by 

(4.2) □S,(.)(i^» = ^i^nn&M. 

By Berman [HI §2] and Hsiao-Marinescu [31, §2] it is known all the derivatives of the 
coefficients of the operator ^^kl{k) ^''^ uniformly bounded in k on Aogfc- Let Dr C Aogfc 
and let Wlp,^{Dr, A«T*(°'^)M), s G Nq, denote the Sobolev space of order s of sections of 
A'T*(°'-^'M over A with respect to the weight e^'^^^^'t'. The Sobolev norm on this space 
is given by 

aGNg",|a|<5,|J|=g 

where u = Y:\j\=qUjdz^ G Wlp*^{Dr, K'^T<°'^^ M) and m{x)dx is the volume form. If 
5 = 0, we write IMIfc^.^,^^ to denote ||-||fc^.^,o,D.- 

Lemma 4.1. For evefy r > wit/i C Aogfc <-^T^d s G Nq^ t/iere is a constant Cr,s > 
independent of k, such that 

|2 ^ n ( ll„l|2 _L ll/'rn(9) ^ 

m=l 



(4.3) ii^iiL,v,2.,i.. ^ ii^iifci^,-^,i.. + E lFS,(fc)r^ . ^ e c!°''(Aogfc) . 



Proo/ Since □[.'j ^j.^ is elliptic, we conclude from Garding's inequality that for every r > 0, 
Ar C Aogfc and 5 G No, we have 



(4.4) l|tx|lL,V..+2,I). ^ Cr>A llt^IlL;,,!). + .... . n , ) . ^ ^ f^^'^Aogfc) , 



2 



for some r' > r. Since all the derivatives of the coefficients of the operator ^^kl(k) 
are uniformly bounded in k, it is straightforward to see that Cr'^s can be taken to be 
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independent of k. (See Proposition 2.4 and Remark 2.5 in Hsiao-Marinescu llSTII .") From 
(14. 4D and using induction, we get (14.31) . □ 

Lemma 4.2. for k large and for every a e Ng",, there is a constant Ca > independent of 
k, such that 



kF*4>,Diagh 



< k-"", m G No , 



kF*4>,Diogk 



< k-"", m e No. By 



(4.5) |(5»(0)|<C„, 
where u e n°''^{D,,,k), MkF^^,D,.,, < 1^ ||(°S,(fc))'"^ 

Proof Let u G f2°'«(Aogfc), ll^llfcii'^*^,D,„gfc 

using Fourier transform, it is easy to see that (cf. Lemma 2.6 in UsTll ') 

(4.6) l(5:^^)(0)|<C||n||,^.,_„^,^l,l,^^, 

for some r > 0, where C > only depends on the dimension and the length of a. From 
(1431) . we see that 



(4.7) 



m=l 



kF*<P,D2r 



, 2N >n + l+\a\, 



^ m=l ' 



if k large, where > is independent of A;. Combining (14. 6D with 04. 7D , 04.50 follows. 

□ 

Now, we can prove 

Theorem 4.3. For k large and for every a G Ng", D' d D, there is a constant Ca,D' > 
independent of k, such that 



(4.8) 



{d^{ue-'"^)){x) < Ca,B'fc2+i°i ||u||, yxeD', 



where u G (^I-n^^M, L^), Nq > 1, u\d = s^u, u G f^°'«(I?). 

Remark 4.4. Let Si be another local trivializing section of L on D, |si|^ = e^^'^^. We have 
si = for some holomorphic function g G ^°°(D), p 7^ on D. Let u G f^°''(i:', L*'). On 
D, we write u = s^u = s'^v. Then, we can check that 



(4.9) 



From 04. 9D , it is easy to see that if u satisfies 04.8D , then v also satisfies 04.8D . Thus, the 
conclusion of Theorem 14.31 makes sense. 



Proof of Theorem 1431 We may assume that G D' . Let u G S'^-NoiM, L^), Nq > 1, u\d = 
s'^u, u G Q°''^{D). We may assume that Diog^ c D and consider u\Di^g^- Set := 



k-^F^u = fc-f tt(-^) G Q°'«(Aogfc)- We can check that 



(4.10) 



IIA 
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Since u e c^^.^^{M, L''), we have ||(nl'^)'"-u 
observation and G4.2D , we have 

1 



< A; 



-mNo 



\u\\, m 



1,2, 



From this 



(4.11) 



(nfcl(fc))'"^fc 



kF*4),Diogk 



< 



1 



< k~'^^°~'^ \\u\\ . 



From (14.1 OP . (14. IIP and Lemma W?2\ we conclude that for every a G Nq", there is a 
constant > independent of k, such that 

_|a| 



Thus, for every a G Ng", there is a constant Cq > independent of k, such that 



(a:(ue-'=*))(o) 



Let xo be another point of D'. We can repeat the procedure above and conclude that 
for every a G Ng", there is a Cq(xo) > independent of k, such that 

(5:(5e-'=^))(xo)|<C„(xo)fet+l"l||u||. 

It is straightforward to see that the constant Ca(xo) depends continuously on (p and 
the coeffceients of ^^kl{k) "^^{D) topology, for some m G Nq. (See Remark 2.5 and 
Theorem 2.7 in [13TII . for the details.) Since d' c I? is compact, Cq(xo) can be taken to 
be independent of the point Xq. The theorem follows. □ 

4.2. Kernel of the spectral function. As (11.40 . let 

be the spectral projection on the spectral space of Dj,'^ corresponding to energy less than 
k^^°. The goal of this Section is to compare the localized spectral projection pI^I-nq ^ 
(see (14.18P ) to the localized approximate Szego projection Sk defined in (13.41P . This 
will be achieved in Proposition 14. 10[ 

We introduce some notations. Let (ei, . . . , e„) be a local orthonormal frame of T*(°'^)M 
over an open set D ^ M. Then (e-^ := A • • • A ej,j)i<:ii<j2< -<i,s;n is an orthonormal 
frame of A'T^'^-^^M over D. For / G f^°'«(D), we may write / = E\j\=q fje^, with fj = 
( / , ) G '^°°{D). We call fj the component of / along e^. Let A : Qo'\D) -> Q°'^{D) 
be an operator with smooth kernel. We write 

(4.12) A{x,y)= ^' e'{x)AjAx,y)e'{y), 

where Aij{x,y) G ^<^°°{D x D), for all strictly increasing /, J, with |/| 
have 

(4.13) {Au){x)= Yl' e\x) [ Ai^j{x,y)uj{y)dvM{y), 

\ r\ I Tl J D 



\J\ = q. We 



1^1=9,1^1=9 



for all u = E|j =g UjS'' ^ f^o'^(-C). Let A* be the formal adjoint of A with respect to ( , ). 
We also write t/) = e-^(x)^j z/)e-^(i/). We can check that 

I ^ I ~Q 1 1 I — ' 

(4.14) 
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for all strictly increasing /, J, with |/| = \J\ = q. Let 

S(a;,2/)= e\x)Bi^j{x,y)e\y), 

\I\=q,\J\=q 

be a properly supported smoothing operator. We write 

{BoA){x,y)= Y! e\x){BoA)i,j{x,y)e\y) 

\I\=q,\J\=q 

in the sense of (I4.13D . It is not difficult to see that 

(4.15) {BoA)i^j{x,y)= Y! I Bi^K{.x,z)AK,j{z,y)dvM{z), 

for all strictly increasing /, J, with |/| = \J\ = q. 
Now, we return to our situation. Let 

be the spectral function, i. e., the Schwartz kernel of pj^'^l: 

(4.16) {Piiu){x) = I^Pl%,y)u{y)dvM{y), u e Lf,^^){M, L"). 

Let s be a local section of L over D, where D C M. Then on D x D we can write 

Pl:l{x,y) = s{xrPl':l{x,y)s*{y)\ 
where Pk^l^si^, v) is smooth on D x D, so that for x ^ D,u ^ ^°q'^{D, V'), 

{Pliu){x) = six)" f Piis{x,y){u{y),s*{yr)dvM{y) 

(4.17) 7 

= s{x)'' Pl'l{x,y)u{y)dvM{y), u = s% ue^l'^D). 

Jm 

For X = y, we can check that the function Pi.'^l^{x,x) e ^""(D, End(A«T*(°'^)M)) is 
independent of the choices of local section s. 

Let D d M be an open set, s be a local trivializing section of L on D and |s|^l = e^^'^. 
Let z = (zi, . . . , z„) = (xi, . . . , X2n) = X be local coordinates of D. Fix Nq > 1. We define 
the localized spectral projection (with respect to the trivializing section s) by 

(4.18) u -> e-'=^5-'=P,(J_.„(s'=e'=^n). 
That is, if P^''l_^^{s''e'"l'u) = s^v on D, then P^^-jvo = e'^'I'v. We notice that 

(4.19) n*J-o,.(^. 2/) = e-'=^(^)pi:i-.o,.(=^. y)e"'^'\ 

wh ere p j^'^l_i,^^^{x, y) is the kernel of P^'^I-no^, with respect to ( , ) and -Pfc5,'-iVo_,(a;, y) is as 
in (I4J7D .' We write 

(4.20) p!:!U,si^>y)= E' e^(^)A^J-o,.,.,.(^.2/)e-^(?/) 

1^1=9,1-^1=9 
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in the sense of (I4.13D . We remind that P^I-no ^ j j{x,y) is smooth for all |J| = g, | J| = 5, 
/, J are strictly increasing. Since P^I-nq ^ is self-adjoint, we have 



(4.21) 



(9) 



for all |/| = q, \ J\ = q, I, J, are strictly increasing. Let fj e Q°''^{M, L''), j = 1, . . . ,dk, 
be an orthonormal frame for S^.^^^M, V'), where dj, G No U {oo}- Ori D, we may write 
f]\D = E\j\=q fj,j{x)e\x), fj^j G L''), j = 1,. . .,dk, \J\ = q, J is strictly increas- 

ing. Put 

fj,j = s^fjj, fj,j e ^'^(D), j = l,...,dk, \J\ = q, J is strictly increasing, 

fj = E' fjA^Wi^) e n°''{D), j = l,...,d,. 

\J\='i 



Then, fjli, = s'^fj, j = 1, . . . ,dk, and it is not difficult to see that 
(4.22) 



E 



-k{4,{x)+4>{y)) 



for all \I\ = q, \ J\ = q, I, J, are strictly increasing. Since Pfl-No ^ j j{x, y) G for all 
\I\ = q, \ J\ = q, I, J, are strictly increasing, we conclude that for all a G Nq", 



(4.23) 



Y.'jti {9"{fje '"^)){x) converges at each point of X. 



Similarly if F : A«T*(°'^'M) S"{D,A'^T<°'^^M) is a properly supported continu- 

ous operator such that for all s G M, F : H'^^^^ {D, A«T*(°'^)M) ^ H^^^^ {D, A«T*(°'^)M) 
is continuous, for some Sq G M. Then, we can check that 

(4.24) Yljii {P{fje~'"^)){x) converges at each point of a; . 

First, we need 

Proposition 4.5. With the notations used above, for every a G Ng", D' m D, there is a 
constant Ca,D' > independent of k, such that 



(4.25) 



Proof Fix a G N^" and p G D'. We may assume that Sjii (^x 7^ 0. Set 



u{x) 



dk 



2 

Since 5:^=1 (5°(/je-'=^))(p) converges, we can check that u G <g^-No{M,L^), \\u\\ = 1. 
On D, we write u = s'^u, u ^ f2°''(D). We can check that 



dk 



(4.26) 
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In view of Theorem I4.3[ we see that 



{d^{ue-'"l')){p) < C„A;t+l°l, C„ > is independent 



of k and the point p. From 04.26D . it is straightforward to see that 
(a°(fle-'*))(p) 



^ 



i=i 



□ 



The proposition follows. 

Now, we assume that dd<p is non-degenerate of constant signature (n_,n+) at each 
point of D and let g = n_. Let Sk, Ak be as in Theorem 13.101 and let be as in 
(ISTTD . (KB . If we replace <Sfc by J - □(''A, then □i'Mfc + Sk = I = AlUi"^ + on 
^'(D, A«T*(°'i)M). Now, 



(4.27) P^^U,s 
where we denote 



{Ain'f^ + <S:)PiJ-.,,, = R + .S^Pit-o.. on cff'iD, A«T*(°.i)M), 



We write 

1^1=9.1-^1=9 

in the sense of q4.13D , where Rj^j{x,y) e ^°°(D x D), for all |J| = q, \ J\ = q, I, J, are 
strictly increasing. From q4.22D , it is straightforward to see that 

Rj,j{x,y) = f:g,j{x)f,,j{y)e-"^^y\ 

(4.28) 

gj=Aini''\f,e-'"f'){x), U^)=J2'9jA^y{x), ; = 1,...,4, 

1^1=9 

for all |J| = q, \ J\ = q, I, J are strictly increasing. To estimate Ri^j{x, y), we first need 

Lemma 4.6. With the notations used above, for every D' ^ D, a ^ Ng", there is a constant 
Ca,D' > independent of k, such that for all u e <S^.no{M,L^), \\u\\ = 1, u\d = s'^u, 
u e n°'9(D), if we set v{x) = A*kD[^\ue-'"^), then 

Proof Letue <g^^i,^{M,L^), \\u\\ = 1, u\d = s^u, u e QP'i{D). We set {/(x) = ^;^n(«)(ue-'=^). 
We recall that 

(4.29) Al : 0{k') : /f,^,„p (D, A«r*(°'^)M) ^^+4 (D, A«T*(°'^)M), Vs G Nq. 
Let £)' (E L)" d D. By using Fourier transforms, we see that for all x e D' , we have 

where only depends on the dimension and the length of ct and ||.||^ j,,, denotes the 
usual Sobolev norm of order s on D". From this observation and 04.290 , we see that 

(4.30) \{d:v){x)\ < ||i?|L+i+|„|,^„ < C;r+I«l pi'\^e-"^)\l^^^^^^„ . 

where > is independent of k. Let d[^^u = f, f\o = s^f, f e Q°'''{D). We can check 
that / e c?fc'-jvo(M, L^) and ||/|| < k-^°. From (|3^ . we see that 

(4.31) □(«)(e"''^^^) = e"''^/- 
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In view of Theorem I4.3[ we know that for all ^ G Ng", 

dl0-^\e-'"^u))\ = \d^{e-'"^f)\ < Cpk^+^^^ \\f\\ < C^A;?+l^l-^° on D, 
where > is independent of k. Thus, 



(4.32) 



n+\a\,D" 



where Cc, > is independent of k. Combining (I4.32D with (I4.30D . the lemma follows. □ 
We also need 

Lemma 4.7. Let gj{x) G n°''^{D), j = l,...,dk, be as in (14381) . For every D' d D, 
a G Nq"^ there is a constant Ca > independent of k, such that 

\{d:g,){x)f < C„A;^"+^l<^l-2^°, Vx G D'. 
Proof. Fix a G N^" and p G D'. We may assume that "^jti \{d^9j){p)f 7^ 0. Set 



h{x) = 



Since 'ZjU \{d^gj){p)f converges, we can check that h G S^.no{M,L^), \\h\\ = 1. On D, 
we write h = s^h. We can check that 



dk 



T.%r\{dr9,){p)V^ 



T,U^)i9S9j){p)- 



In view of Lemma I4.6[ we see that 



d:{Aini^\he-"^)){p) 



i:i(5."p,)(p)i'<afc^+^i"i-^°. 



□ 



where Cq > is independent of k and the point p. The lemma follows. 
Now, we can prove 

Proposition 4.8. With the notations used above, for every D' D, a, <E Nq", there is a 
constant Ca,p > independent of k, such that 

(4.33) |(a,"5j/?,,,)(x,y)| < V(x,y) G D' X D' , 

for all \I\ = q, \ J\ = q, I, J are strictly increasing, where Rj^j{x, y) is as in fl4.28D . 

Proof Fix p ^ D' and \ J\ = q, J is strictly increasing. Let ct.jS G Ng". We may assume 
that (d^ikje-'^p) ' 7^ 0. Put 



(4.34) 



u{x) 



dk 



Y.m{dyihje-'mp)- 
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Then, u G S'^-no{M, L''), \\u\\ = 1. On D, we write u = s''u, u = E|/|=g W/e-* . Put 
V = Ain['i\ue-'"f') = E'/|=g vie^ ^ It is not difficult to check that 



^t=i\{d'y{hje-'^mP)\'^=' 

where Qj, j = 1, . . . , dk, are as in Q4.28D . In view of Lemma 14. 6[ we know that \{d"v){x)\ < 
Cak^^^^"^^^° , for all x G D', Ca > is independent of A; and the point p. In particular, 



\id:yi){x)\ 



(4.35) 



for all |J| = g, / is strictly increasing. In view of Proposition 14.51 we see that 



where > is independent of k and the point p. From this and (I4.35D , we conclude 
that 



{d:d^^Rj,j){x,p) 



dk 



for all X G D', |/| = g, / is strictly increasing, Ca,p > is independent of k and the point 
p. The proposition follows. □ 

From (I4.27D and Proposition I4.8[ we know that 



5(9) 



R + StP^'^ 



where R{x, y) satisfies (I4.33D . We have 

(4.36) H'',k-No,s^k = iR + SlPl'^l^No^s)'^k = RSk + SlPjf^l^rf^^^Sk. 
Let R* be the formal adjoint R with respect to ( , ). Then, 

(4.37) p1'U,s = R' + P^^Us^^- 



0(9) E?* _L R C _L C* d(') C 



From (14371) and (l436l) . we get 
(4.38) 
We also write 

R*{x,y)= J2' e'{x)Rlj{x,y)e'{y). 

\I\^q,\J\=q 



Since R] j{x,y) = Rjj{y,x), R*{x,y) also satisfies (I4.33D . 
Now, we study the kernel of RSk- We write 

{RSk){x, y) = Y! e'{x){RSk)i,j{^, y)e\y). 

\i\=i,\J\=i 
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From (14.151) . we know that 

(4.39) {RSk)i,j{x,y) = J^j Ri,K{x,z)SkK,j{^,y)dvM{z), 



\K\=q 



for all |/| = 5, I J| = 5, /, J are strictly increasing. First, we need 

Lemma 4.9. For every D' m D, a ^ Ng", there is a constant Ca > independent ofk, such 
that 

(4.40) J2' f \{d:Ri,K){x,z)fdvM{z)<C^k'^+'\'^\-'''\ xeD', 

for all \I\ = q, I is strictly increasing. 
Proof. From (14.28D . we see that 



(4.41) 

a G Nq", \I\ = q, \K\ = q, I, K are strictly increasing. We claim that 



(4.42) 



E' / \{d:Rj,K){x,y)fdvM{y)<j:\i9:9j,i){^)\\ 

for all X e D, |/| = 5, / is strictly increasing. Fixp G D and |/| = g, / is strictly increasing. 
We may assume that J2%i \ {d"gj,i){p)f ^ 0. Put 



u{x) 



dk 



We see that ||u|| = 1. Thus, \uf < 1. On D, we can check that 



(4.43) / \u\ 

Jd 



From fl4.41D and fl4.43D . we see that 



i:{d:9j,i){p)hK{y) 



dk 



e-''"^^y^dvM{y) < 1. 



Q4.42D follows. From G4.42D and Lemma [4171 the lemma follows. □ 
Fix a, /3 G Nq", \I\ = q, \ J\ = q, I, J are strictly increasing. From (I4.39D , we see that 
d:d^({RS,)j,j){x,y) 



J2' [jd:R,,K){x, z){d^ySkK,j)iz, y)dvM{z) 

K\=q 



D 



(4.44) 



< E' (/^ mRi,K){x,z)f dvM{z)y (yj^ \{d^ySuK,j){z,y)^ dVM{z) 



\K\=q 



<( E' \{d:Ri,K){x,z)\' dvM{z)y [Y! \{d^S,K,j)iz,y)\'dvM{z)y. 



1^1=9 



\K\=q' 
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Note that 



(4.45) 



jJ{9y^kK,j){z,y) dvM{z) 



1^1=9 



= E' / {d'.Slj^K){y,z){d^yS,K,j){z,y)dvM{z) 

We notice that SlSk = Sk mod 0(A; °°). From this observation and the expUcit formula 
of the kernel of Sk (see (13.61D ). we conclude that 



(4.46) 



{d^.d^y{SlSkUj){y,y) <Cpk 



n+2|; 



locally uniformly on D, for all | J| = g, J is strictly increasing, where > is indepen- 
dent of A;. From (14.46D . (I4.45D . (I4.44D and Lemma [4^91 we conclude that 

locally uniformly on D, where Ca,p > is independent of k. Put 

T = R* + RSk. 

We write 

T{x,y)= J2' e'{x)Tj,j{x,y)e'{y) 

\i\=q,\J\=q 

in the sense of (I4.13D . From fl4.38D , we know that 



(4.47) 



pii) 



T + sip: 



(9) 



fc,fc-*o,s — I ^k^k,k-^o,s'^k- 

From the discussion above, we know that for every D' ^ D, a, P ^ Ng", there is a 
constant C^,^ > independent of k such that 



(4.48) 



{d^d^yTj,j){x,y) <C„,^A;^"+2|"l+l^l-^°, y{x,y) e D' x D' , 



for all |J| = g, I J| = g, /, J are strictly increasing. 

Let T* be the formal adjoint of T. From (147471) . we see that T* = T. Thus, 



{d:dlT,,j){x,y)\ = {dSd^yTj,j){x,y) = \{dp!Tjj){y,x)\ < c^_„fc3"+2|^|+|a|-iVo_ 

Combining this with G4.48D , we conclude that for every D' m D, a, P ^ Nq", there is a 

constant Ca^^ > independent of k such that 

(4.49) 

{d^d^Tj^j){x,y)\ < C„,^min ^^k^n+2\a\ + \p\-No ^ j^3n+\a\+2W\-No^ ^ ^) ^ ^/ ^ jj> ^ 

for all |/| = g, I J| = g, /, J are strictly increasing. Summing up, we get the following. 

Proposition 4.10. Let s be a local trivializing section of L on an open set D m M and 
\s\l^L = e"^^. We assume that ddcp is non-degenerate of constant signature (n_, n+) at each 
point of D and let q = n_. Fix No > 1. Let Sk be the localized approximate Szego kernel 
(I3.41D and let Pjfl-No ^ be the localized spectral projection (I4.18D . Then, 

B(9) — T" _1_ C* 6(5' C 

where the distribution kernel ofT satisfies fl4.49D . 
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4.3. Asymptotic expansion of the spectral function. Proof of Theorem 11.11 As be- 
fore, let 5 be a local trivializing section of L on an open set D d M and |s|^l = e"^"^. 
Let z = (zi, . . . , z„) = (xi, . . . , X2n) = X be local coordinates of D. We assume that ddcp 
is non-degenerate of constant signature (n_,n+) at each point of D and until further 
notice, we assume that g = n_. 

For A ^ we denote by S'y)^{M,L'') C L(o^)(M, L*') the spectral space given by the 

range of E{{X, oo)), where E is the spectral measure of D^^^ Let 

be the orthogonal projection. Consider the localization 

e-'"^s-''Pl%{s''e'"*'u). 
Fix jVo > 1. It is well-known that (see Section 2 in Davies [fT4ll ) 

and 



(4.50) 



(4.51) \\u\\ < 
We have the decomposition 

(4.52) u 



, \fu e c^'n, (m, l'^) n Dom n['\ 



5(9) 



Let cSfc be the localized approximate Szeg5 kernel Q3.41D . From the explicit formula of 
the kernel of Sk (see (13.61D ). we can check that 



(4.53) 



locally uniformly on D, for all s, Si G Z, Si < 0, s > 0. 

Let u e H'^^^^ {D, A9T*(°'^)M), 5i < 0, Si G Z. From (14321) . we have 



(4.54) <S,u = Pi%.o,s^kU + P,,>,-.o,.ofc 

From (14.50D and (14.51D . we can check that 



5(9) 



(4.55) 



p(9) <; 1, 

^k,>k-^o,s'^kU 



< 



Pl:!lk-^o{s''e''HSku))\\ < fc^" \\n['^Pl%-.o{s''e''%S,u)) 



<A;^° □l''(s'=e'=^(<Sfcu)) = A;^° □i'H^fcw) 



Here we used Q3.7D . In view of Theorem 13.101 we see that D^^^^Sfc = mod 0{k °°). 
From this observation and (I4.55D , we conclude that 



(4.56) 



p(9) 



fc,>fc--^0,5^ 



locally uniformly on for all N > 0, Si < 0, Si e Z. From (14331) and (14.561) . we 
conclude that 



(4.57) 



S;pl%.,, Sk = mod o(fc-°°) 



Combining (14371) with (14341) and note that <S^<Sfc = Sk mod 0(fc-°°), we get 
(4.58) Sk = SlPl'^l,^ Sk mod 0{k-°°). 
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From (14.581) and Proposition 14. 101 Theorem 13 . 1 1 1 and Theorem 13. 14[ we get one of the 
main results of this work: 

Theorem 4.11. Let she a local trivializing section of L on an open set D (£ M and \s\1l = 
e-2^_ We assume that ddcp is non-degenerate of constant signature (n_, n_|_) at each point D 
and let q = n_. Let z = (zi, . . . , z„) be local holomorphic coordinates of D. We write z = 
X = {xi, . . . , X2n), Zj = X2j-i + ix2j, j = 1, . . . ,n. Fix No > 1. Let Pjfl-No ^ localized 
spectral projection (|4J8]) and let pj^'^l_j,^^^{x, y) G x D, AiT*^°'^^ M ^ A''T<°'^'^ M) be 

the distribution kernel of P^I-nq ^- Then, for every D' m D, a, P ^ Ng", there is a constant 

Ca,p > independent of k, such that 

(4.59) 

(P(')_.„^^(x,y) - Sk{x,y))\ < C„,^min {A;3n+2|a| + |^|-iVo^ ^3n+|a|+2|^|-i.o| on D' X D', 

v^here 

Sk{x, y) = Sk{z, w) = e^''*(^'^)6(z, w, k) mod 0{k-°°), 



wif/i 



b{z, w, k) G 5,'^, (l; D x D, MT^'^'^^M K A''T*^°''^^ m) , 

oo 

b{z, w,k)^Yl ^ji^' w)k''-' in S^"^, (l; D x D, A^T*^°'^^M M A«t;(°'^)m), 



j=0 

bj{z,w) e X d,a«t;(°'^)mk a«t;(°'^)m), j = 0,1,..., 

bo{z, z) is given by (13.781) , 

and *(z,ii;) G '^'^{D x D), ■^{z,w) = -'^{w,z), Im* > c\z-w\^, c > 0, ^ = if 
and only if z = w and for a given point p ^ D, we may take local holomorphic coordinates 
z = {zi,. . ., Zn), Zj = X2j-i + ix2j, j = 1, . . . ,n, vanishing at p such that the metric on 
T(^'°)M is E"=i dzj ® d:zj at p and (p{z) = E"=i Aj \zjf + 0{\zf), in some neighborhood of 
p, where Xj 0, j = 1, . . . ,n. Then, near (0, 0)^ we have 

n n 

= iJ2\^j\ \zj - Wjf + iY,^j{ZjWj - z^w^) + 0{\{z,w)f). 

j=i j=i 

Moreover, let Zj{z) G = 1, . . .,n, be an orthonormal basis for T^°'^^M. Then, 

(4.60) f:((i^,^)(z,t//)+(^,</.)(z))((-i^,*)(z,ti;)+(^,0)(z)) =0(|z- 

locally uniformly on D x D, for all iV G N. 

When 5 7^ n , from Theorem I3.12[ we can repeat the proof of Theorem 14.111 and 
conclude that 

Theorem 4.12. With the notations used in Theorem \4.11\ let q ^ n_. Then, for every 
D' (£ D, Oi, P ^ Nq"^ there is a constant Ca,p > independent of k, such that 

(4.61) \d^d^{Pl'^l^^,^^{x,y))\ < Ca,pmm |fc3n+2|a| + |^|-i\ro^ ^3„+|a|+2|^|-i\ro| o„ JJ> X 

Proof of Theorem [TTTI Combining Theorem 14. 1 1 1 and Theorem |4.12[ we get (I1.7D , (II. 8D 
and (fr9D . □ 



(4.63) 
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Remark 4.13. In view of Remark I3.13[ we can generalize Theorem 14.111 and Theo- 
rem 14.121 with essentially the same proofs to the case when the forms take values in 
L'^ (8) E, for a given holomorphic vector bundle E over M. 

4.4. As5miptotic expansion of the Bergman kernel. Proof of Theorem 11.61 We are 

now ready to prove Theorem 11.61 Let D (£ M{q). Let s be a local trivializing section of 
L on D and \s\1l = e~^^. Let z = (zi, . . . , z„) = (xi, . . . , X2n) = a; be local coordinates of 
D. Define the localized Bergman projection (with respect to s) by 

(4.62) u e-^'^s-^Pi^\s^e^'^u). 

Let pI^J[x, y) be the distribution kernel of p'^^J. We have the following 

Theorem 4.14. With the assumptions and notations above, fix Nq > 1 and assume that 
□[.'^ has 0{k^"°) small spectral gap on D, then for every D' m D, a, P ^ Ng"^ there is a 
constant Ca,p > independent of k, such that 

5:5f(P,%,.(x,y)-P£(x,y)) 

where Pjfl-No <, is as in Theorem \4.11\ 
In particular, 

pI'}=Su modO(A;-°°) 
locally uniformly on D, where Sk is as in Theorem \4.11\ 

Proof Let Sk be as in Theorem 14.111 We can repeat the proof of Proposition 14.101 and 
conclude that 

(4-64) Pi^U,s - pS =T + Sl (p(J_.,,, - P^])S„ 

where T G 'rf°° and the distribution kernel T(x, y) of T satisfies G4.49D . Let 

ueHr,^^{D,A^T<°''^M), m<0. 

We consider 

V = s^e^'t'SkU - Pi^\s^e^'t'Suu). 

Since Sk is a smoothing operator, v G ^°°(M, L*'). Moreover, it is easy to see that 
vL^°{M, L''). We have 

(4.65) d['\ = s''e'"^Di''^SkU. 

From TheoremlSTIOl we see that D[^^Sk = mod 0{k-°°). Combining this with (14^651) . 
we obtain 



<C^A;-^||u||^, 



for every N > 0, where Cj^ > is independent of k. Since v±J^°{M, L^), from Defini- 
tion [T3] we conclude that 



\v\\ < CMk-^\\u\ 



m ' 



for every N > 0, where > is independent of A;. Thus, 

= 0{k-^) : HZ^^ 
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for all iV > 0, 5 G M, and hence 

SIS, - S;pSs, = 0(fc-^) : A'T*(°'i)M) ^ ffir^'^CD, A'T*(°'^)M), 

for all N,Ni > 0, s e M. We conclude that 

SIS, = SlPi% mod 0{k-°°). 
From this, (13391) and (14391) . we obtain 

where f G and the distribution kernel f{x,y) of T satisfies (I4.49D . From this and 
Proposition 14. 10[ we conclude that the distribution kernel of SI{P^^I-no ^ — Pi^J^S, sat- 
isfies (14^491) . Combining this with (14^641) . (14^631) follows. ' ' □ 

Since Theorem 13.101 and Theorem 14.111 hold in the case when the forms take values 
in ® E, for a given holomorphic vector bundle E over M, we can generalize Theo- 
rem |4!T4] with the same proof to the case when the forms take values ® E. 

4.5. Calculation of the leading coefficients. Proof of Theorem 11.21 Now, we prove 
(II. IIP and (I1.12D . In this Section we assume that g = 0. First let us review the necessary 
definitions from Riemannian geometry. 

Let u be as in (II.IOD . The real two form u induces a Hermitian metric ( ■ , • )w on 
CTM. The Hermitian metric ( • , • )^ on CTM induces a Hermitian metric on A^''«T*M 
the bundle of (p, q) forms of M, also denoted by ( • , • )w. For u G hP''^T*M, we denote 
:= {u,u )u. In local holomorphic coordinates z = (zi, . . . , z„), put 



"1 X! ^j,kdzj A dzk, 



(4.66) 

6 = ®j,kdzj A dZk- 

j,k=i 

We notice that 6,, ^ = {£-,^J, ujj,k = {£-, j,k = 1, ... ,n. Put 

(4.67) h = {hy^k)lk=i > hy^k = (^k,j, j,k = 1,. . .,n, 

and = (h^''') , is the inverse matrix of h. The complex Laplacian with respect 

V / j,k=l 

to u is given by 

We notice that h^'^ = { dzj ,dzk)aj, j,k = 1, . . . , n. Put 

V. := det {u,,k)lk^, , 
Ve:=det(e,,, );.,=! 

and set 

r = A^logK;, 
r = logVb. 
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r is called the scalar curvature with respect to u. Let Rq^ be the curvature of the canon- 
ical line bundle Km = det T*(-^'°)M with respect to the real two form 0. We recall that 

(4.71) R^' = -ddlogVe. 

Let h be as in (14^671) . Put 9 = h'^dh = {Oj^kf^u^^, Oj^k e T<^'°^M, j,k = 1, ... ,n. 9 is 
the Chern connection matrix with respect to u. The Chern curvature with respect to ui is 
given by 

= 89= {d9,,k)l^^^ = {nj,k)lk=, e (m, A'^'T*M ® End {T^'''^M)) , 
(4 72) ^™(^' ^) ^ (T(^'°M), VC/, G T(^'°)M, 

Set 



(4.73) 



,TM 



j,k,s,t=l 



where ci, . . . , e„ is an orthonormal frame for T^^'°'>X with respect to ( • , • It is straight- 

2 



forward to see that the definition of 

2 



R 



•TM 



is independent of the choices of orthonormal 



frames. Thus, 
by 



TM 



is globally defined. The Ricci curvature with respect to ui is given 



(4.74) Ric 

where ei, . . . , e„ is an orthonormal frame for T^'^'°^M with respect to 

{Ric^,UAV) = 



That is, 



|2 



e-^'f'. Let 



-E(i?^^(C/,e,)y,e,),, U,VeCTM. 

3=1 

Ric^^ is a global (1, 1) form. We can check that 

Ric a; = -55 log K;, 

where is as in (I4.69D . 

Le 5 be a local trivializing section of L on an open set D d M(0), \s\ 
Sk, b{z, w, k), bj{z, w), j = 0,1, . . ., be as in Theorem 14. Hi Fix p e D,'we will calculate 
bi{p,p) and b2{p,p). We take local coordinates z = (zi,...,z„) = (xi,...,X2„) = x 
defined in some neighborhood of p such that 

z{p) = 0, 

n 

(4.75) 5l«l+l^l<i)i 

0i(z) = O(|z|)^), ^--^(0) = if|a|<lor|^|<l, a.^eN^, 



G(z) 



1 ^dZj A dZj + 0(|-2;|)- 
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This is always possible, see Ruan [l43ll . First, we claim that 

(4.76) dsSk = mod 0{k-°°), 

where a, is as in (KB . We notice that Df^Sk = mod 0{k-°°). Thus, D'^^^dsSk = 
mod 0{k^°°). From Theorem 13.121 we know that D[^^ has semi-classical parametrices. 
Thus, dsSk = mod 0{k-°°) so (14.761) follows. Now, we claim that 

(4.77) dz (i^{z, w) + 4>{z)^ vanishes to infinite order at z = w. 

We write w = {wi,...,Wn) = y = {yi, t/2n), Wj = ya^-i + mj, j = 1, . . . , n. We 
assume that there exist ao,Po e Nq", |ao| + |/3o| > 1 and {zo,Zo) e D x D, such that 



(4.78) 
and 

(4.79) {t^{z, w) + (f>{z)) 



(zo.zo) 



(zo.zo) 



0, ii\a\ + \p\ < |ao| + |^o|, 



2n 



From (I4.78D , (I4.79D and since bo{zo, Zq) =^ 0, 'if{zo, Zq) = 0, we can check that 



(4.80) lim A;-"-^ d^°d^° (d, (e''=*(^'^'6(z, w, kj) 



(zo.zo) 



Cao,^o^o(-2o, •Zo) 7^ 0. 



On the other hand, since (9<,(e'''*(^''"'fe(z, w, k)) = mod 0{k °°), we can check that 



(4.81) 



lim A;-"-^ d^°d^°{ds(e'''^^'''"^b{z,w,k) 

fc^oo ' \ V 



0. 



(zo.zo) 



We get a contradiction. The claim Q4.77D follows. Similarly, we have 

(4.82) dyj (i'^iz, w) + (p{w)^ vanishes to infinite order at z = i/y. 
In particular, we have 

(4.83) 5^ (?*(z, 0) + 0(z)) and (i*(0, z) + 0(z)) vanish to infinite order at z = 0. 
Combining (14771) . (RTSSD . (RTSSD with ^(z, z) = 0, it is easy to check that for all a e N^, 



.al"l*(z,0) 



(4.84) 



dz' 



.al"l*(0,z) 



.5l'^l*(0,z) 



dz' 



z=0 



z=0 



dz" 



.ai"i*(z,o) 



dz' 



z=0 



z=0 



az° 



(0) = here we used (14751) . 



^(0) = here we used (14751) . 



From (14^831) and (14^841) . we deduce that 

*(z,O) = ^0(z) + O(|zr), 

(4.85) 

for every iV G Nq. 
We claim that 



*(O,z) = z0(z) + O(|zr), 



(4.86) dzbj{z, w) and 5ti,6j(z, w) vanish to infinite order at z = w, for all = 0, 1, 

In view of (14.77D . we see that dz{i'^{z,w) + (p{z)) vanishes to infinite order at z = w. 
From this observation and 04.761) . we conclude that 

(4.87) e''''^''^%b{z, w, k) = Hk{z, w), 
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where Hk{z,w) = mod 0{k °°). We assume that there exist 70, (5o G Ng", |7o| + |(5o| > 1 
and (zi, Zi) G I? X D, such that 



d:°d'^°{dMz,yj)) 

and 

From (14.87D , we have 



D. 



70/0 



if |7| + |5| < |7o| + |5o|, 7,<5eNf. 



(4.88) d2°dl°(d,b{z,w,k) 
Since ^(zi, Zi) = 0, we have 
(4.89) 

On the other hand, we can check that 

(4.90) lim A;-" d2°d^° (Ab{z, w, k) 



(zi.zi) 



lim fc-" a2°af°(e-*'=*(^'"')//fc(z,w) 



(zi.zi) 



0. 



From (I4.90D , (I4.89D and (I4.88D . we get a contradiction. Thus, dzbo{z,w) vanishes to 
infinite order at z = w. Similarly, we can repeat the procedure above and conclude that 

dzbj{z, w) and dyjbj{z, w) vanish to infinite order at z = w, = 0, 1, The claim 04.86D 

follows. 

Now, we are ready to calculate 61 (0, 0) and ^2(0, 0). We notice that 

6o(z,z) = (27r)-"det i?^(z). 



From this and (14.86D , it is easy to see that for all a G Ng, 



d\^%{z,0) 



(4.91) 



dz"" 
d\'^^bo{z,0) 



dz' 



z=0 



z=0 



(27r) 



0. 



_„ 5l°l(det i?^(z)) 



dz' 



z=0 



Since SkO Sk = Sk mod 0{k °°), we have 

(4.92) &(0,0,A;)= / e'''^^^°''^+^'^''°^^b(0,z,k)b(z,0,k)Ve(z)dX(z) + rk, 

Jd 

where dX{z) = 2"dxidx2 • • • dx2n, Vq is given by (14.69D and 



rk_ 

fc"^"oo k^ 



lim = 0, ViV > 0. 



We notice that since 6(z, w, k) is properly supported, we have 

6(0, z, A;) G Co°°(D), b{z, 0, k) G C^{D). 

We apply the stationary phase formula of Hormander (see Theorem 7.7.5 in ||28ll ) to the 
integral in fl4.92D and obtain (see Section 4 in Hsiao [30], for the details) 



48 



Theorem 4.15. Wfe have 

61(0,0) = (27r)"(deti?^(0))-^ (^260(0,0)61(0,0) 

+ ^Ao(Ve6o(0,z)6o(z,0))(0) - ^ (0iV-e6o(O, z)6o(z, 0))(0) 



(4.93) 



and 



(4.94) 



62(0, 0) = (27r)"(det H^(0))-' (^26o(0, 0)62(0, 0) + 6i(0, 0)' 
+ ^Ao (l^e(6o(0, z)6i(z, 0) + 6i(0, z)6o(z, 0)))(0) 
- ^Al (01 Ve(6o(0, z)6i(z, 0) + 6i(0, z)6o(z, 0)))(0) 
+ ^A^(ye6o(0,z)6o(z,0))(0) - ^A^(0iV-e6o(O, z)6o(z, 0))(0) 
+ -^A^(0?Ve6o(O,z)6o(z,O))(O)), 



where Aq = E"=i j-g^^ <Pi ^ (14751) and Vq 15 as in (14^691) . 

From (14.91D and (14.93D , it is straightforward to see that (see Section 4.2 in [l30ll . for 
the details) 



61(0,0) = (27r)""deti?^(0)f— f(0) - — r(0) 



(4.95) 



V47r 



Stt 



|M(^(A„logr3)(0)-^(A„logV'„)(0)), 



where f and r are as in (I4.70D and is as in (I4.69D . From this, (II. IIP follows. 
Similarly, from (II. IIP and (I4.86P , it is easy to see that for all a e Nq, 



5W6i(z,0) 



(4.96) 



aH6i(z,0) 



(27r)-" 



5l«l(detH^(z)(^f(z)-^r(z)) 



z=0 



z=0 



z=0 



0. 



From (I4.96P and G4.94P , it is straightforward to see that (see Section 4.3 in 113011 . for the 
details) 



(4.97) 

62(0,0) = (27r)-"deti?^(0) 



1 ^ 1 ..^2 



1287r2 327r2 



rr + 



327r2 



(f)^ 



1 A 1 

A^f 



+ -(Ric.,i?-). + ^A.r-^ 



327r2 



967r2 



87r2 



Ddet 



TM 



(0), 



where A^, Ric^ and are as in (14^681) . (14711) . (14741) and (14721) respectively 
and ( •, • )w is as in the discussion before (14.66P . From G4.97P , (I1.12P follows. 
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5. Asymptotic upper bounds near the degeneracy set 

In this Section, we will use the heat equation expansion for D^,^' of Ma-Marinescu Il36l. 
§ 1.6] to get an asymptotic upper bound near the degenerate part of L. The goal of this 
Section is to prove (I1.13D . 

By the spectral theorem (see Davies [14. Th. 2.5.1]), there exists a finite measure /i on 
§ X N, where S denotes the spectrum of Dj,'^, and a unitary operator 

(5.1) C/ : L^o_^)(M,L'=) ^ L2(§ X N,dM) 

with the following properties. If /i : S x N — ^ M is the function h{s, n) = s, then 
the element ^ of LfQg^{M,L'') lies in Domn[,'^ if and only if hU{$) G We have 
UD[^^U-^(P = hip for all (p e C/(Dom □[,''). 

We identify Lf^ g^lM, V") with L2(§ x iV, d\x). Then the heat operator 6"*°^"', f > 0, is 
the operator on L^(§ x d/i) given by 

e-*°i'' : l2(§ X JV, d\x) ^ L^{Sx N, dfj,) 
u{s, n) e L^{E> X JV, d/x) e~'^u{s, n). 

Since d\^^ is elliptic, the distribution kernel of e"*^^'^ is smooth (see ^ 36 1, Th. D.1.2]). 
Let 

exp{-t □l'^)(x, y) e ^^°°(M x M, LJ A''T*^°'^^M K ® A'T^^^'^^M) 
be the distribution kernel of e"*^^'^ with respect to (• , ■)k. That is, 

(e-*°^' u)(x) = / exp(-in('')(x,?/)u(z/)dMl/). ^ ^ Lf,^,)iM,L''). 
Let s be a local section of L over X, where X c M. Then on X x X we can write 
exp{-t □l'')(x, y) = exp(-i □l')),(x, ^/)s(x)'=s*(^/)^ 

where exp(-t □i''),(x, y) e x X,A^T*M K A«T;M) so that for x G X, u G 

f^o''(X,L'=), 

(e-*°^\)(x) = s(x)^ / exp(-tnl')),(x,t/)(4z/).s*(t/)'=)dt;M(?/) 

(5.2) r ,^ 

= s{xf exp{-tD[^')s{x,y)u{y)dvM{y), u = s^u, ue^l'^X). 

JM 

For X = y,we can check that the function 

exp(-i n[^^)s{x, x) G ^°°(x, a«t;m m a«t;m) 

is independent of the choices of local section s. The trace of exp(— i □[,^')(x, x) is given 
by 

d 

Tr exp(-i Di'^){x, x) := E( exp(-i x)ej^(x) , ej^{x) ), 

i=i 

where ej^{x), . . . ,ej^{x), is an orthonormal basis of A«T^*(°'^)M, dim A«T;(°'^)M = d. 
First, we need 
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Proposition 5.1. Fix t > and Nq > 1. We have for k large, 

(5.3) Tr exp{-^n['^){x,x) > (1 - A;-^°)Tr P,'^,Uo(x, x), Vx e M, 

where Pjfl-No (x, x) is as in (I1.5D . 
Proo/ First, we claim that 

(5.4) (e-^°^' u)k > (1 - Vu e f7g''(M, L'^). 
We identify I'(o,g)(M, L'') with L2(§ x N, d/j,). Then 

e"l°i'' : u{s, n) G L^(§ x N, d/j,) -> e"''^u(s, n) 

and 

For ^(s, n) G x N, d/i), we have 

(e~^^'i'\,u)k = [ e~"^ \u(s,n)f dfj, 

JsxN 

>l e-'^u{s,n)f l[ok-^o]{s)d^J, 

JSxN ^ ' 

(5.5) > I^^Ju{s,n)f lio,k-^o]{s)dfj. 



SxN 



e-'k - 1 



>(1- sup {l-e-^t)]{Pl%.,u,u)k. 

^ se[o,fc--^o] / 

It is easy to see that fix i > 0, we have sup^g[o,fc-^o](l - e""^) < k^^° if k large. From this 
observation and fl5.5D . the claim q5.4D follows. 

Now, fix p G M and let s be a local section of L defined in some open neighborhood 
D of p, \s\Il = e-^*. Let ej,{p), ej^{p), be an orthonormal basis of A«Tp*(°'^)M. Fix 
u G {1, . . . , d}. Take Xj ^ ^o'^C-D, L''), j = 1,2,.. ., so that for every continuous operator 
F : '^°°{D,L'' A«T*(°'1)M) 'rf°°{D,L'' A«T*(°'^'M) with smooth kernel F{x,y) G 
^°°(M X M, (8) A«T;(°'1)M K (8) A^T^^^'^^M), we have 

Then, we have 

(e"^°^"xj.Xj)fc ^ (exp(-^nl'^)(p,p)ej„(p),ejjp)), j oo, 

(^iJ-^oXj,Xj)fc ^ {Pii-NMP)eJu{p),ej^{p)), J 00. 
Combining this with (15. 4D . we conclude that 



Thus, 



(exp(-^n(^))(p,p)e,,(p),e,,(p)) > (1 - fc-^o)(p(J_.„(p,p)e,Jp), e,„(p)). 
Tr exp(-^nl'))(p,p) > (1 - /c-^o)Trp(^,l.„(p,p). 



531) follows. □ 
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The following is well-known (see Theorem 1.6.1 in Ma-Marinescu [|36ll ") 

Theorem 5.2. For each t > fixed and any D m M, m e N, we have as k ^ oo, 
(5.6) 

Tr exp(-^nl'))(x,x) = r(27r)-"( ^ exp(-i ft -^^^ + 

jl<j2<---<Jq 1=1 j = l 

in the norm on '^°°{D, A«T*(°'^5MK A«r*(°'^'M), where ai{x), an{x) are the eigen- 
values of R^{x). Here we use the convention that if aj{x) = 0^ then ^ '■= \- 

From (15. 3D and (15. 6D . we know that 
(5.7) 

(l-A;-^o)TrP,%(x,x) < r(27r)-"( ^ exp(-t f a,,(x))) fl t:^^^+o(A;"). 

^ h<h<-<jq i=i ^ j=i 

locally uniformly on M. 

Now, let Mdeg be as in Theorem II. 3[ Fix t > \,i large and Xq G Mdeg and let L/" be a 
small neighborhood of xq such that for every point x e C/, there is an eigenvalue ao(x) of 
i?^(x) such that |tao(x)| < 1. Fixp G U. Set 

i(p) = |j G {1, . . . , n}; \aj{jp)t\ < 1, where ai(p), . . . , a„(p) are the eigenvalues of • 
Fix 1 < ii < 72 < • • • < < IT- We have 

9 



(5.8) 



exp(-i>^a,,(p))il = n -—-^^ II _ , (,) 



1=1 



X 



n 



n 



aj(p) 



We observe that there is a constant C > such that 

< C, Vx G M, |x| < 1, 



(5.9) 



X 




xe^ 


1 - 


1 - e 


1 






1 - e== 


1 - e 



< C, Vx G M, |x| > 1. 



From 05. 9D and (15. 8D . it is straightforward to see that 

(5.10) exp(-tEa,,(p))n i_^-^i(,) < H y H 

1=1 i=i jet(p) itt-[p) 

where C is the constant as in (I5.9D . 

r/ie proof of (I1.13D . Let e > 0. Let W d M be any open set of Xq. Take i > max{C, 1} 
large enough so that 

(5.11) (27r)""dy(^l + Csup ||a(x)| ; a(x): eigenvalue of H^(x), X G T^lj < |, 

where C is the constant as in (|5T9l) and d = dim A«r*(°'^)M. Let [/ (e be a small 
neighborhood of Xq such that for every point x G C/, there is an eigenvalue ao(x) of 
J?^(x) such that \tao{x)\ < 1. From (ISTlbl) . (ISTTD and dSTTT]) . we see that 



1 e. 



52 



(fnsD follows. □ 

Theorem 15.21 also holds on the case when the forms take values in ® E, for a given 
holomorphic vector bundle E over M. In this case the right side of (15.61) gets multiplied 
by rank(E). (See Theorem 1.61 in [l36ll "). From this observation, (I1.13D remains true 
with the same proof on the case when the forms take values in L*^ E, for a given 
holomorphic vector bundle E over M. 

6. Bergman kernel asymptotics for adjoint semi-positive line bundles 

In this Section we prove the asymptotic expansion of the Bergman kernel of L'' Km 
where L is a semi-positive line bundle over a complete Kahler manifold and Km is its 
canonical line bundle, cf. Theorem |1.7i The existence of the expansion (I1.19D follows 



immediately from Theorem 16. 4[ while the calculation of the coefficients is given at the 
end of this Section. 

We assume that (M, 9) is a complete Kahler manifold. Let Km be the canonical line 
bundle over M. Then, fi"'«(M,L'=) = QP^^{M,L^ ® Km)- Let U^u^Km ^^e Gaffney 
extension of the Kodaira Laplacian acting on ® Km- Then 

Ker □t°J,^ = ^°(M, ® Km) = [u ^ L\M, L" ® Km); Au = o} . 

Set 

Pi%^ : L\M, L" ® Km) ^ J^\M, L" ® Km) 
be the orthogonal projection with respect to (• , ■)k- The goal of this Section is to prove 
that the kernel of Pk°}cj^ admits a full asymptotic expansion on the non-degenerate part of 
L. We recall the following form of the -estimates for d for semi-positive line bundles. 
Assume that (L, h) is a semi-positive Hermitian line bundle over a complex manifold M. 
Let g e A"'°T*M (g) L. For x G M, we denote by |^|h^(x) G [0, oo] the smallest constant 
such that {g,g')\x) < |^|^4x)(v^i?^ A {QA)*g',g'){x) for all g' e A"-°T*M ® L. 

Theorem 6.1 (HTSl Th. 4.1]). Let (M, 6) be a complete Kahler manifold, (L, h^) be a semi- 
positive Hermitian line bundle over M. Then for any form g G L^g L ® Km) satisfying 
dg = and |5'|^z,(x) dvM{x) < oo there exists f G L^q ^^(M, L ® Km) with df = g and 



/ \f\lL{x)dvM{x) < IpI^l(x) dt/M 
Jm Jm 



Denote by 7(x) the smallest eigenvalue of the curvature ^/^R^ with respect to 63,, for 
X G M; the function 7 : M ^ [0, 00) is continuous. Moreover, |5'||i,(x) < 7"^(x)|5'|^i,(x), 
for any x G M and g G A'"'^T*M L (where := 00 if 7 = 0). Therefore we deduce 
the following. 

Theorem 6.2. Let (M, 6) be a complete Kahler manifold and (L, h^) be a smooth semi- 
positive line bundle over M. Let D d M(0) be a relatively compact open set. There exists a 
constant Co > such that for any k > and any g G qI'^{D, ® Km) satisfying dkg = 
there exists f G ^°°(M, L'' ® Km) such that dkf = g and 

1 ^ II j:l|2 / II ||2 

(6-1) 11/11 < ll^ll ■ 

We can actually take Co = supj)7"^ We need 
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Lemma 6.3. Let (M, 6) be a complete Kdhler manifold and {L,h^) be a smooth semi- 
positive line bundle over M. Let D d M(0) be a relatively compact open set. Then O^kj^^ 
has 0(A;~"°) small spectral on D. 

Proof. Letu <E '^^{D,L^®Km). We consider ajfu G DP'^{D,L^®Km). From Theorem Q 
we know that there exists / G ^°°(M, ® Km) such that dkf = dkU and 



(6.2) 



< 



dkU 



where Cr, > is independent of k and u. We notice that (/ — P'k)i^)u has minimal 
norm of the set {/ g ^""(D, ® Km) fl I/^(M, ® Km)] 'dkf = 'dkv]. From this 
observation and (I6.2D . we conclude that 

(6.3) a-p(l.w'<^^ 

It is easy to check that 



dkU 



dkU 



< 



< 



Thus, n^j^^ has 
□ 



Combining this with (I6.3D . we get (J - Pi%^)u 
0(A; "°) small spectral on D. The lemma follows. 

Let 5 be a local trivializing section of L on an open set D ^ M(0) and \s\Il = e~^^. As 
in (I4.62D . we consider the localized Bergman projection 

A*°Um : L'iD, Km) n ^'(I?, Km) ^ L\D, Km), 

u^e-''^s-'pi%Js'e"^u). 
From Lemma \63\ and Theorem |4.14[ we get one of the main results of this work 

Theorem 6.4. Let (M, 6) be a complete Kdhler manifold and [L, h^) be a smooth semi- 
positive line bundle over M. Let D d M(0) be a relatively compact open set and she a local 
trivializing section of L on D. Then the localized Bergman projection p'^J^Km 

Pl%^=Sk modO(fe-°°) 

on D, where Sk : ^'{D, Km) — > '^o°°(I?, Km) is a smoothing operator and the distribution 
kernel Sk{z,w) e'^°°{D x D,Km^ Km) of Su satisfies 

Sk{z, w) = e^'=*(^'^)6(z, w, k) mod 0{k-°°), 



with 



b{z, w, k) G SZ, (l; DxD,Km^ Km) , 

oo 

b{z, w,k)r~.Y^ b,{z, w)k^-^ in SZ, (l; DxD,Km^ Km) , 



j=0 



bj{z, w) G X D, Km^Km), j = 0,1,..., 

bo{z, z) = (27r)"" det R^{z) Id^MC-^), ^^^Km identity map on Km, 
and ^(z, ty) is as in Theorem \3.8\ 
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From Theorem 16.41 the existence of the asymptotic expansion (I1.19D for ® Km 
follows immediately. 

We prove now the formulas (I1.20D for the coefficients. Le 5 be a local trivializing 
section of L on an open set D ^ M(0). We take local coordinates z = (zi, . . . = 
(xi, . . . , X2n) = X defined in D. We also write y = w = {w^, . . . , y = {yi,..., y2n), 
"Wj = y2j-\ + ^2], j = 1, • • . , n. Let <Sfc and Sk{z, w) e ^°°(D x D, Km ^ Km) be as in 
Theorem |6.4[ We may replace Sk by + <S^), where SI is the formal adjoint of Sk with 
respect to ( , ). Then, 

(6.5) s; = Sk. 

Let e(z) be a local section of Km so that |e(z)|^ = {Ve{z))~^, where Vq{z) is given by 
(I4.69D . Define the smooth kernels Sk{-, ■),Sk{-, •) G '^'^(D x D) by 

(6.6) Sk{z,w) = e{z)Sk{z,w)e*{w), Sk{z,w) = Sk{z,w)Ve{w) . 
From Theorem 16. 4[ we have 

Sk{z, w) = e^''*^^'^^, w, k) mod 0{k-°°), 

b{z,w,k)eSl',, (1;DxD), 

00 

(6.7) b{z,w,k) - ^6,(z,ti;)A;"-^ in5,':,(l;D x d), 

bj{z,w)e'^°°{DxD), J = 0,1,..., 
6o(z,z) = (27r)-"Ve(z)detH^(z). 
Let ( , )dx be the inner product on ^o°°(D) given by 

{u,v)dx = I u{z)'^dX{z), u,ve 'C(^). 

where dX{z) = 2"dxidx2 • • • dx2n. Let Sk be the continuous operator given by 

Sk:^r{D)^'^o°°{D), 

u — ^ j Sk{z,w)u{w)dX{w). 

Let Sk ' be the formal adjoint of Sk with respect to ( , From (16. 5D . (16. 6D we can 
check that 

(6.8) 5fc*''' = S;. 
Since S^ = 5^ mod 0(A;"°°), we can check that 

(6.9) {Skf = Sk mod 0{k-°°). 
Moreover, it is obviously that 

(6.10) dsS~k = mod 0(A; °°). 
We recall that 5, = 5 + k(d(p)A . 
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From (16.81) . (16. 9D and (I6.10D . we can repeat the procedure in Section 3.5 and conclude 
that (see (14:95]) and (g^ZD) 



(6.11) 



bi(0,0) = K.(0)f - — r(0)j, 



(0), 



where VL, A^, Ric^ and R™ are as in (14^691) . (14^68]) . (14741) and (|472]) respectively, 
and ( •, • is as in the discussion before 04.661) . From (16.61) and (16.71) . we can check that 
for b^°l,Jz) in (OSD, we have 



6i(0,0)Id^^(0), fe(°],^(0) 



Ve{0) 



Ve{0) 



62(0,0)IdK^(0). 



Combining this with (16. IIP and notice that 

1 



V0(O) 



V^^(O) = (27r)-"deti?^(0), 



irnm foUows. 



7. Singular L^-estimates 

In the rest of this work, we need a singular version of estimates. We assume that 
(M, 0) is a compact Hermitian manifold and (L, h^) is a holomorphic line bundle over 
M, endowed with a singular Hermitian metric h^. We solve the 5-equation dkf = g for 
forms with values in L'^ with a rough estimate L^-estimate, namely ||/||^ < Cok^ \\g\f 
with TV > 0, instead of the estimate ||/||^ < ^ ||^||^ from (16. ID . 

For a singular Hermitian metric /i^ on L (see e.g. [l36l Def. 2.3.1]) the local weight 
with respect to a holomorphic frame s : I? ^ L is a function (p e Lj^^ (D), (p is bounded 
above on D, defined by 

\s\lL = e-^'^ e [0,oo]. 

The curvature current is given locally by i?^ := 2dd4> and does not depend on the 
choice of local frame s, is thus well-defined as a (1, 1) current on M. 

We say that ^/^R^ is strictly positive if there exists e > such that ^/^R^ > eQ, that 
is, -/^i?^ — eG is a positive current in the sense of Lelong (see e. g. Il36l Def. B.2.11]). 

The goal of this Section is to prove the following. 

Theorem 7.1. Let (L, h^) be a singular Hermitian holomorphic line bundle over a compact 
Hermitian manifold (M, 0). We assume that is smooth outside a proper analytic set S 
and 

(7.1) V^R^ >eQ, e> 0. 

Let D d M \ S. Then, there exist ko > 0, N > and Co > 0, such that for all k > ko, and 
g G Qo^{D, L^) with dug = 0, there is u e "^""(M, L^) such that dkU = g and 

(7.2) ll^llfei-^e < k^Cn WgWlL^^Q , 
where WuWl^k^Q := {ull^k dvM, dvM ■= 
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Proof. Let G^q be the generaUzed Poincare metric on M \ S (see [l36l p. 276]). Let Teo 
be the Hermitian torsion induced by ©^^. We recall that Teo ■= [(©^o/^)*. ^©eo]- Let R^^ 
denote the curvature of the holomorphic line bindle A"T*(^'°'M induced by Q^o- By [l36l 
Lemma 6.2.1] we have 

@eo is a complete Hermitian metric of finite volume on M \ S, 
(7.3) ©eo ^ for some Cq > 0, 

-CBeo < v^Rit < |7;ol0.„ < c, 



where C > is a constant and |7^o le^ the norm with respect to Q^o- Moreover, by [1361 
§. 6.2] there is a Hermitian metric h^^ of L on M \ S such that h^^ is smooth on M \ S 
and 

(7.4) h^o>h\ V^R^ycBeo, 

where c > is a constant and R^^ is the curvature of L induced by h^^ . 

Let s is a local frame of L and define local weights (p^o and cp for h^^ and hy \s\1l = 
g-s-^eo^ |s|^L = e"^^. Let h^'' be the Hermitian metric on L'' locally given by 

|s||^fe := exp(-2(log/c)0,o - 2{k - logk)(p). 

Since /if^ > h^, we have > Moreover, from (I7.1D and (I7.4D . we can check that 

(7.5) v^H^'>c(logfc)e,„ 

where H-^*" denotes the curvature of L'' associated to h^'' and c > is the constant as 
in 07. 4D . Let ( , )^^fc q denote the inner product on qI''^{M \ S, L*') with respect to 

H^' and as dlJ). For / e f^o''(M \ S.L'^), we write ||/|||.^,e.„ ■= (/./k^\0.„- Let 
L^o_g)(M \ S, L'') be the completion of Q^'^M \ S, L*') with respect to . Let 

□1^' = S^a: + dlA : Dom C L^o,i)(^ \ S, L^) ^ L^o,i)(M \ S, L'') 

be the Gaffney extension of the Kodaira Laplacian with respect to h^'' and 6£o(see (I2.9D ). 
Here dl is the Hilbert space adjoint of dk with respect to ( , )-^ife q . From 07. 3D and 07. 5D , 
we can repeat the procedure in [f36i p. 272-273] and conclude that for k large, we have 

for all g e r2o'^(M\S, L*'), where c > is a positive constant. From this, we can repeat the 
method in [l36l p. 272-273] and conclude that Qi,^^ has closed range in £^o,i)(-^ \ ^' ^'')' 
KerQj,^^ n^^o,i)(-^\^' ^'') = {0} and there is a bounded operator Gfc : Ljo_i)(M\S, L'') 
DomQi^' such that D^k^Gk = I on L^o,i)(-^ \ ^. ^'')' GfcQl^^ = / on DomQi^' and 

for A; large, for all g G L(o i)(-^ \ ■^'°)' where c > is independent of g and k, and 

(7.8) Gfc : Q°'\M \ S, L*") ^ Q°'\M \ S, L''), 

(7.9) g = d^^Gkg = AKOkQ, HAg = 0, g e Lf.^.^iM \ S, L''). 
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Now let g e Qo^{D, L^) with dug = and set 

u = KG.g e n°'\M \ S, L') n L^o,o)(M \ S, L"). 
From (17^91) and (1771) . it is not difficult to see that 

dkU = g on M \ S, 
(7.10) „ „, , 1 



2 / II ||2 



Q and IHI^Lfc Q. Let 5 be a local section of L on D and \s\1^l = e '^'^"o, |5|^i, = e 
l^ifc — e e " — |S|^ifc e 



where Ci > is a constant independent of g and fc. Now, let's compare the norms 

IN Ifei'' 

Then, 
Thus, on D, we have 

(7.11) |5||ifc < \s\\Lk , 

where iV > sup^.^^) |20(x) — 20^0 (x)|. Thus, 

(7-12) ll^lll^\e.o <<5i3A;^ll^ll'fcL\e. 

where Cd > is a constant independent of g and k. From > h^'' and the second 
property in (17. 3D . we have HuH^ifc g < c g , where c > is a constant independent 

of k and u. Combiming this with G7.12D and G7.10D . we obtain 

(7.13) ||u||^ife_Q < Cok^ WqW^l^^q , 

where Cd > is a constant independent of k and g. Note that is bounded away from 
zero and S has Lebesgue measure zero. From this observation and G7.13D . we see that u 
is integrable with respect to some smooth metric of L over M. Combining this with 
Skoda's Lemma (see Lemma [7^2] below) . we get dkU = g on M and u G Q°'^{M, L^). The 
theorem follows. □ 

We recall the following result of Skoda (see Lemma 7.3 of Chapter VIII in Demailly ffTTll ) 

Lemma 7.2. Let u G 3!'{M,L% g G &'{M,L'' ® T*(°'^)M). We assume that u and q are 
integrable with respect to some smooth metric ofh^ and 6 over M. IfdkU = g on M\Ti 
in the sense of distribution, then, dkU = g on M in the sense of distribution. 

8. Bergman kernel asymptotics for semi-positive line bundles 

In this Section we prove Theorem 11.101 Let (M, 6) a compact Hermitian manifold. 
Assume that (L, h^) — M is a smooth semi-positive line bundle which is positive at 
some point of M. By Siu's criterion [|36l Th. 2.2.27] (see also Corollary 110. 8D we know 
that L is big and M is Moishezon. By [1361, Lemma 2.3.6], L admits a singular Hermitian 
metric h^^^^ , smooth outside a proper analytic set S, and with strictly positive curvature 
current. 

Lemma 8.1. With the assumptions and notations above, let D m M \'E be an open set. 
Then, there exist ko > 0, N > and Cd > 0, such that for all k > ko, and g G ^o^{D, L^) 
v^ith dug = 0, there is u ^ ^°°{M, L^) such that dkU = g and 

\\u\f < k^CD\\g\f. 
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Proof. Let (p and denote local weights for and /i^^^g respectively. Then, is smooth 
on M \ I! and bounded above. We may assume that 

$<<p. 

Let h^'' be the Hermitian metric on L*^ induced by the local weight 

$ := (log k)$ + {k — log k)(p. 

We can check that h^'' is a strictly positive singular Hermitian metric, smooth outside a 
proper analytic set II . We can repeat the proof of Theorem 17. II and conclude that there 
is u e "^""(M, L*^) such that dkU = g and 

" cvlogA; " 
where c > is independent of k and g. Since < 0, we have 

(8.2) ll^llftLfc < ll^ill^Lfc . 

On the other hand, we have 

\\g\\l.= f \gfe-'^'°^''^^-'^''-'°^''^'f'dvM{x) 

J D 

(8.3) < (supe2(iogfc)(^(x)-?(x))) f \g\^e-^^'l'dvM{x) 

xeD Jd 

<k^\\9\\l>', 

where N = sup^g:^ 2(0(x) - 0(x)). From (lOl) and (lOl) . the lemma follows. □ 

For a holomorphic line bundle L over a compact Hermitian manifold (M, 6) we set 
Herm(L) = | singular Hermitian metrics on l| , 

M{L) = G Herm(L); is smooth outside a proper analytic set, 

y^R^ > eG, e > o} . 
By [l36l Lemma2.3.6], M{L) =^ under the hypotheses of Theorem lO below. Set 

(8.4) M' := {p e M; 3 /i^ G A^(L) with smooth near p \ . 

From Lemma 18.11 we can repeat the proof of Lemma 16.31 with minor changes and 
conclude the following. 

Theorem 8.2. Let (M, 6) be a compact Hermitian manifold. Let (L, h^) M he a Her- 
mitian holomorphic line hundle with smooth Hermitian metric having semi-positive cur- 



vature and with M(0) 7^ 0. Let D ^ M' f] M(0) be an open set, where M' is given by (18741) . 
Then, □[."^ has 0(fc~"°) small spectral gap on D. 

Let 5 be a local trivializing section of L on an open set £> d M and |s|^l = e"^"^. We 
define the localized Bergman projection (with respect to s) by 

(8.5) e-'"^s-''Pl°\s''e'"^u). 

That is, if Pl^\s^e^'f'u) = s^v on D, then P^^Ju = e-''*v. 

From Theorem 18.21 and Theorem 14. 14[ we get the following result- 
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Theorem 8.3. Let (M, 6) be a compact Hermitian manifold. Let {L, h^) M be a Her- 
mitian holomorphic line bundle with smooth Hermitian metric having semi-positive 
curvature and wit/i M(0) ^ 0. Let s be a local trivializing section of L on an open set 
D m M' f] M(0). Then the localized Bergman projection pj^°] satisfies 

Pi°]=Sk modO(fc-°°) 
on D, where Su is as in Theorem \4.11\ 

Theorem 18.31 immediately imphes Theorem II. 101 

9. Multiplier ideal Bergman kernel asymptotic s. Proof of Theorem 11.81 

Let us first recall the notion of multiplier ideal sheaf. Let (p G L}^^{M,R). The 
Nadel multiplier ideal sheaf ^{(p) is the ideal subsheaf of germs of holomorphic func- 
tions / G <^M,x such that |/pe"^^ is integrable with respect to the Lebesgue measure in 
local coordinates near x. 

Consider now a singular Hermitian metric on a holomorphic line bundle L over 
M. We will assume that is smooth outside a proper analytic set S. If /ig is a smooth 
Hermitian metric on L then = HqC^'^'^ for some function G L\^XM,M.). The Nadel 
multiplier ideal sheaf of is defined by y{h^) = J'{}p)\ the definition does not depend 
on the choice of h^. With the help of and the volume form dvu we can define an L? 
inner product on '^°°(M, L): 

(9.1) (5, 5') = / (5, e-^'^dvu , S,S'e '^°°(M, L) . 

J M 

The singular Hermitian metric induces a singular Hermitian metric h^'^ = h^'^e^^'"^ 
on L'^, k > 0. We denote by (• , ■)k the natural inner products on ^°°(M, L*^) defined as 
in 09. ID . The space of global sections in the sheaf G'{L^) ® J^(/i^'°) is given by 

H\M, L'^ (8) J^(/i^')) 
^^'^^ = {5 G ^°°(M, L'^); dkS = 0, [ s ' , dvM = [ s ' , g-^^ dvM < 00 

Let be an orthonormal basis of H°{X, L^®J^{h^'')) with respect to the inner product 
induced (• , ■)k. The (multiplier ideal) Bergman kernel function is defined by (I1.21D . 

We assume that is a strictly positive singular Hermitian metric on L, smooth outside 
a proper analytic set S of M. 

Let 

Pi% : L2(M, L^) ^ H\M, L'' ® ^(/i''')) 

be the orthogonal projection. Let s be a local trivializing section of L on an open set 
D (E M \ S and |s|^i, = e~'^'^. Then, 4> is smooth on D and dd(p is positive defined at each 
point of D. Let us denote by 

(9.3) Pi°l^ : L'iD) n <g'{D) L\D) , u ^ e-'=*s-'=Pi°i(s'=e'=^u). 

the localized (multiplier ideal) Bergman projection. 

Theorem 9.1. Let {L,h^) be a singular Hermitian holomorphic line bundle with strictly 
positive curvature current over a compact Hermitian manifold (M, 0). We assume that 
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15 smooth outside a proper analytic set S. Let s be a local trivializing section of L on an 
open set D (£ M \ T,. Then the localized multiplier ideal Bergman projection ^ satisfies 

Pi%^ = Sk mod 0{k-°°) 
on D, where Sk is as in Theorem \4.11\ 

Proof Let 5 be a local trivializing section of L on an open set D m M\I1 and |s|^i, = e"^"^. 
Then, cp is smooth on D and ddcp is positive defined at each point of D. Let be the 
operator as in G3.7D , (I3.6D . Let Sk and Ak be the operators as in Theorem 13 .101 We recall 
that Sk and Ak are properly supported and 

5fc + n(°Ufc = / mod 0(A;-°°). 

We now replace Sk hy I — D^°^Ak and we have 

(9.4) 

AiDi'^ + s; = I, 

where cS^ and Al are adjoints of Sk and Ak with respect to ( , ) respectively. From Q3.7D , 
(l3^ . we can check that n^°W^°] j, = 0. From this and (|9^ . we have 

Plly = (Ain'S^ + SDPi'l, = SlPi'l, on L\D) R S\D). 

Thus, 

Plt^ = PllfSk on L\D)f]^'{D) 

and hence, 

(9.5) S;pil, = SlPi'l^Sk = Pl'l^ on L\D) R S\D). 
Let u e H^^^ (D), m e M. We consider 

V = s^e^'^SkU - Pi°l^{s^e^*Sku). 

Since Sk is a smoothing operator, v e ^°°(M, L**). Moreover, it is easy to see that 
vl. H°{M, ® J^(/i^')). In view of dST]), we have 

(9.6) dkV = s^e^'f'd.SkU. 
As in (I4.76D . we have 



(9.7) d,Sk = mod 0(A;-°°). 

Combining (|9^ with (l9T7l) . we obtain 

a^t; < Cat A;"-^ 11^11^ , 

for every N > 0, where C^^r > is independent of k. Since iy°(M, L*" ^{h^'')), v is 
the element of {u G ^°°(M, L^) f] L2(M, L''); 5fcU = dkv] with minimal norm. From 
this observation and Theorem 17. 1[ we conclude that 



\v\\ < CMk-^\\u\ 



m ' 



for every N > 0, where C^v > is independent of k. Thus, 

- PllySk = Oik-'^) : H-^^{D) ^ L\D), 
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for a\\ N > 0, m e M, and hence 



rm+Ni 
loc 



for all N,Ni > 0, m e M. We conclude that 



SlSk = SlPi%,S, mod 0(fc-°°). 



From this and (|975]) . (I3.59D . the theorem follows. 



□ 



From Theorem |9.1[ we get Theorem II. 8[ 



10. Further applications 



In this Section we collect further applications of the methods developed here. In Sec- 
tion 110.11 we show the existence of manifolds and line bundles whose Kodaira-Laplace 
operator has no 0(fc~"°) small spectral gap. In Sectio riT0?2] we show that under an inte- 
gral condition (due to Bouche) on the first eigenvalue of the curvature, the asymptotic 
expansion of the Bergman kernel of a semi-positive line bundle holds. In Section 110.31 
we apply our results to prove a result of Berman about the Bergman kernel associated to 
an arbitrary semi-positive Hermitian metric on an ample line bundle. In Section [10. 41 we 
give a local version of the Bergman kernel expansion for g-forms. In Section [10. 51 we ob- 
tain prcise semiclassical estimates for the dimension of the spectral spaces of the Kodaira 
Laplacian. Using them one obtains immediately the holomorphic Morse inequalities of 
Demailly. 

10.1. Existence of "small" eigenvalues of the Kodaira Laplacian. The hypothesis on 
the existence of a 0(fc "°) small spectral gap was of central importance in our approach. 
We are therefore interested in if there is a compact complex manifold M and a holo- 
morphic line bundle L over M such that the associated Kodaira Laplacian has very small 
eigenvalues. We will construct a compact manifold and a holomorphic line bundle L 
over M such that the associated Kodaira Laplacian has non-vanishing eigenvalues of 
order 0(A;-°°). 

Theorem 10.1. Let < q < n. There exists a compact complex manifold M and a holo- 
morphic line bundle L over M such that for 



Let 5 be a compact Riemann surface with a smooth Hermitian metric. Let (Lq, h^°) be 
a holomorphic line bundle over S. We assume that ^/^R^° is positive. It is not difficult 
to see that Lq admits another smooth Hermitian fiber metric such that the associated 
curvature form ^/^R^° is positive on 5+ C S, negative on 5_ C 5 and degenerate on 
So C S, where 5 = 5+ U 'S'_ U ^o, ^- contain non-empty open subsets of S. 

Let Ml be a compact complex manifold of dimension n — 1 with a smooth Hermitian 
metric and let (Li, h^^) be a holomorphic line bundle over Mi. We assume that -/^i?^^ 
is non-degenerate of constant signature (n , n+), n + n+ = n — 1, at each point of Mi. 
Put 



Afc := inf {A; A : non-zero eigenvalues ofD)^ 




we have for every N > 



lim k'^Xk = 0. 



M := Ml X 5, L := Li Lq. 
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Then, M is a compact complex manifold of dimension n and L is a holomorphic line 
bundle over M. The Hermitian metrics on Mi and S induce a Hermitian metric ( • , • ) on 
M. Consider the metric = ® h^^ on L; then the associated curvature is 
non-degenerate of constant signature (n , n+ + 1) at each point of M. Similarly, setting 
= X h^^, the associated curvature ^/^R^ is non-degenerate of constant signature 
{n , n+ + 1) on M+ C M, non-degenerate of constant signature (n_ + 1, n+) on M_ C M 
and degenerate on Mq C M, where M = M_ U-^+U-^o, M_,M+ contain non-empty 
open subsets of M. First, we need 

Lemma 10.2. Under the notations above let q = n_. Then, for k large 

Proof. Note that L admits a smooth Hermitian fiber metric such that the induced curva- 
ture is non-degenerate of constant signature (n_, n+ + 1) at each point of M. From this 
observation and Andreotti-Grauert vanishing theorem, we know that if k large, then 

(10.1) ^^ (M, L^) = if J 7^ n_. 

From the Riemann-Roch-Hirzebruch theorem (see e. g. [l36l (4.1.10)]), we see that 

(10.2) V(-l)Mim^^(M, L^) = ^ f ci{LY + 0(A;"-^), 

where Ci(L) is the first Chern class. Combining (110. 2D with (110. ID . we have for k large 
enough 

(10.3) dimjr«(M,L'=) = (-1)'^ / Ci(L)" + 0(A;"-^). 

n! 

But ^^R^ represents the Chern class so 

/ c,(L)" = / {^R^y. 

Jm Jm ^ ' 

The lemma follows from (110. 3D . □ 

The Hermitian fiber metric induces a Hermitian fiber metric h^^ on the fc-th tensor 
power of L. As before, let be the Kodaira Laplacian with values in associated to 

Theorem 10.3. Under the notations above let q = n_. Then, for any N > 2n, we have 

lim k^Xk = 0. 

fc— >oo 

Proof Fix No > 2n. From Corollarv ll0.7l below and Lemma [10. 2[ we know that 

A;" 



> dimjr«(M, L'=) + o(/c"). 

Thus, for k large, we have 

dim^„^<,<,_.„(M,L'=)>0, 
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where (^^^^^^^.-^^(M, L*') denotes the spectral space spanned by the eigenforms of Dj,'^ 

whose eigenvalues are bounded by k~^° and > 0. We notice that since M is compact, D^^^ 
has a discrete spectrum, each eigenvalues occurs with finite multiplicity. Thus, < A;~^° 
for k large. The theorem follows. □ 

From Theorem 110.31 we get Theorem llO.il 

10.2. Bouche integral condition. Let (L, h^) be a semi-positive holomorphic line bun- 
dle over a compact Hermitian manifold [M, 6). Let < Ai(x) < A2(x) < • • • < A„(x) be 
the eigenvalues of R^{x). We say that (L, h^) satisfies the Bouche integral condition ^ 
if 



(10.4) / Ar 



^" < 00 



Let (L, h^) be a semi-positive holomorphic line bundle over a compact Hermitian man- 
ifold (M, G). If (L, h^) satisfies (11041) then Bouche ll6ll proved that 

inf {a G Spec(nl''^); A 7^ o} > , 



for k large. From this and Theorem II. 61 we deduce 

Corollary 10.4. Let (L, h^) be a semi-positive holomorphic line bundle over a compact 
Hermitian manifold (M, G). // (L, h^) satisfies 01O.4D then 

00 



^fc (a;) - J2 k'^'^bf'ix) locally uniformly on M(0), 

j=0 



where ^^"^(x) G ^°°(M(0)), j G No, are as in (iLSD . 

10.3. Asymptotics for arbitrary semi-positive metrics on ample line bundles. We 

consider now the Bergman kernel of a metric with semi-positive curvature on an ample 
line bundle and recover the following result of Berman ll4ll . 

Corollary 10.5. Let L be an ample line bundle over a projective manifold M. We endow M 
with a Hermitian metric G and L with a Hermitian metric with semi-positive curvature. 
Then the Bergman kernel function associated to these metric data admits an asymptotic 
expansion 

00 

Pk°\x) ^ E k''-^bf\x) locally uniformly on M(0), 

j=0 

where bf\x) G ^°°(M(0)), j (E No, are as in (iLSD . 

Proof By a result due to Donnelly ll20H there exist C > and fco ^ N such that for all 

k ^ ko 

inf {a e Spec(ni°^); A 7^ o} > C . 

In particular, D^^^ has an 0(A;""°) small spectral gap. By applying Theorem 11.61 we im- 
mediately deduce the result. □ 
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10.4. Expansion for Bergman kernel on forms. Let (L, h^) be a holomorphic line bun- 
dle over a compact Hermitian manifold (M, 6). Given g, < g < n, is said to satisfy 
condition Z{q) at p e M if R^{p) has at least n + 1 — q positive eigenvalues or at least 
q + 1 negative eigenvalues. If R^{p) is non-degenerate of signature (n , n+), then Z{q) 
holds at p if and only if g 7^ n . It is well-known that if Z{q — 1) and Z{q + 1) hold at 
each point of M, then D^^^ has a "large" spectral gap, i.e. there exists a constant C > 
such that for all k we have 

(10.5) inf {a (E Spec(nl'^); A 7^ 0} > C/c. 

This fact essentially follows from the method for d of Hormander (see Hdrmander [l27ll 
for the classical case and see also Appendix in Sj5strand Il45|| for the semi-classical case). 
From this and Theorem 11.61 we deduce the following local version of the results due 
to Catlin [HO]], Zelditch QSH], Dai-Liu-Ma (for q = 0) and Berman-Sjostrand M, 
Ma-Marinescu [l35]] (for g > 0) : 

Corollary 10.6. Let (L, h^) be a holomorphic line bundle over a compact Hermitian man- 
ifold (M, 6). We assume that Z{q - 1) and Z{q + 1) hold at each point of M. If is 
non-degenerate of constant signature (n_, n_|_) on an open set D of p ^ M, where q = n_, 
then we have 

00 

Pk^\x) ^ k''-'bf{x) locally uniformly on D, 

i=o 

where b'f\x) G End(A9T*(°'^)M)), ; = 0, 1, . . are as in (HTM . 

Let us illustrate Corollarv ll0.6l in the case q = 0: if the curvature R^ has either positive 
eigenvalues or at least two negative eigenvalues at each point, then the Bergman kernel 
of the sections of L'' has an asymptotic expansion as A; — > 00. 



10.5. Holomorphic Morse inequalities. Let (L, h^) be a holomorphic line bundle over 
a compact Hermitian manifold (M, 0). Since M is compact, has a discrete spectrum, 
each eigenvalues occurs with finite multiplicity. From fll.lSD . (11.161) and the Lebesgue 
dominated convergence theorem, we deduce the following. 

Corollary 10.7. Let (L, h^) be a holomorphic line bundle over a compact Hermitian mani- 
fold (M, 6) of dimension n. If Nq >2n+l, then 

dim^^.^^{M,L'') = A;"(27r)-" / detH^(x) dvM{x) + o(A;"). 

J M(q) 

Fix No > 1. Let S'^^^^i^.n^{M, L'') denote the spectral space spanned by the eigenforms 
of □[.'^ whose eigenvalues are bounded by k~^° and > 0. Since the operator dk + d^ maps 
c^o\x<u--o (M, L^) injectively into S'.^l^,-., (M, L^) © S'o<l<k--o (M, L^). Thus, 

dim ^o<A<fc--o (M, L') < dim C;<,-.o (M, L") + dim <^o'<x<k--o (M, L% 
From this observation and Corollary 1 10.71 we deduce: 
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Corollary 10.8. Let (L, h^) be a holomorphic line bundle over a compact Hermitian mani- 
fold [M, G) of dimension n. If Nq >2n+l, then 

dim ^«(M, L") + dim ^o'<;<,-., (M, L") + dim c^,%,-., (M, L') 

> fc"(27r)-" / det R^{x) dvuix) + o{k"). 

J M{q) 

In particular, we have 

dim^«(M, L'') 



(10.6) 



> fc"(27r)-" 



M{q+1) 



detH (x) dvM{x) 

M(q) 

detH^(x) dvMix)] + o(A;") 



M(g-l) 



detH^(x) dvM{x) 



Hence, if M{q - 1) = 0, M{q + 1) = 0, then 
(10.7) dim ^«(M, L*') = A;"(27r)-" 



M(g) 



detH^(x) dvM{x)]+o{k''). 



By Corollary 110.71 and a straightforward application of the linear algebra result from 
Demailly [[161 Lemma4.2] and Il36l Lemma3.2.12] to the complex {^'^^.^{M, L''),dk), 
we obtain Demailly's strong holomorphic Morse inequalities [fT6l Th. 0.1] (see also [l36l 
Th. 1.7.1]): for any g e {0, 1, . . . , n} we have for A; — > oo 
(10.8) 

q q 

^(-l)«-^ dimJf^(M,L'=) < A;"(27r)-"^(-l)«-J / deti?^(x) dvM{x) + o{k") . 



j=0 



j=0 



Let us close with an amusing by-product of Theorem II. 1[ Assume that is non- 
degenerate of constant signature (n_,n_|.) at each point of M. From Theorem ll.li we 
see that if g 7^ n_, then pI^\x) = 0{k-^), for every N >0. Thus, 

dim «(M, L'') = 0(fc-^), ViV > 0. 

Since dim^'(M, L'') is an integer, we obtain the Andreotti-Grauert coarse vanishing 
theorem (see ^ Th. 1.5], [l36l Rem. 8.2.6]): 



(10.9) 



dim ^«(M, L'') = , for fc large enough. 



This proof uses just estimates of the spectral spaces. The original proof of Andreotti- 
Grauert was based on cohomology finiteness theorems for the disch bundle L*. Ph. 
Griffiths gave a proof using the Bochner-Kodaira-Nakano formula. For a proof using 
Lichnerowicz formula and a comparison of methods see [l35l Th. 1.5], [l35l Rem. 1.6]. 
Note that the above proof of (I10.9D provides a positive answer to a question of Bouche 
[|7ll whether one could get vanishing theorems by just using (heat or Bergman) kernel 
methods. 
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